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Abstract. This paper studies the asymptotic stability of shock profiles and rar-
efaction waves under space-periodic perturbations for one-dimensional convex scalar
viscous conservation laws. For the shock profile, we show that the solution ap-
proaches the background shock profile with a constant shift in the L8pRq norm at
exponential rates. The new phenomena contrasting to the case of localized pertur-
bations is that the constant shift cannot be determined by the initial excessive mass
in general, which indicates that the periodic oscillations at infinities make contri-
butions to this shift. And the vanishing viscosity limit for the shift is also shown.
The key elements of the poof consist of the construction of an ansatz which tends
to two periodic solutions as xÑ ˘8, respectively, and the anti-derivative variable
argument, and an elaborate use of the maximum principle. For the rarefaction
wave, we also show the stability in the L8pRq norm.
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1. Introduction and main results
We consider the Cauchy problem for one-dimensional convex scalar viscous conser-
vation laws
Btuν ` Bxfpuνq “ νB2xuν , x P R, t ą 0,(1.1)
uνpx, 0q “ u0pxq, x P R,(1.2)
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where uνpx, tq P R is the unknown, the flux f is smooth and strictly convex, and
ν P p0, 1s denotes the viscosity. This paper is concerned with the asymptotic behavior
of the solution uνpx, tq to (1.1), (1.2) with u0pxq P L8pRq satisfying
(1.3)
#
|u0pxq ´ ul ´ w0lpxq| ď C0eβ0x,
|u0pxq ´ ur ´ w0rpxq| ď C0e´β0x, x P R,
where ul, ur, C0 ą 0 and β0 ą 0 are constants, and w0l, w0r P L8pRq are two arbitrary
periodic functions.
It is well known from [28, 20] that for ν ą 0, the equation (1.1) generates a semi-
group tSνt : L8pRq Ñ L8pRq; t ě 0u to ensure that, for any initial data u0 P L8pRq,
the function uνpx, tq :“ Sνt u0 is the unique bounded solution to (1.1), (1.2), which
is smooth for t ą 0, and satisfies the initial condition in the weak sense: for any
continuous functions ϕpx, tq compactly supported in Rˆ r0,`8q, there holdsż
R
rϕpx, tquνpx, tq ´ ϕpx, 0qu0pxqs dxÑ 0 as tÑ 0.
The semi-group Sνt satisfies the following classical Co-properties:
‚ (Comparison) If u0, v0 P L8pRq and u0 ď v0 almost everywhere, then Sνt u0 ď
Sνt v0 for any x P R, t ą 0.‚ (Contraction) If u0, v0 P L8pRq and u0´v0 P L1pRq, then Sνt u0´Sνt v0 P L1pRq
and }Sνt u0 ´ Sνt v0}L1pRq is non-increasing with respect to t.
‚ (Conservation) If u0, v0 P L8pRq and u0 ´ v0 P L1pRq, thenż
R
pSνt u0 ´ Sνt v0qdx “
ż
R
pu0 ´ v0qdx @ t ě 0.
Moreover, there exists a constant E ą 0, depending only on f and }u0}L8 , such that
(1.4) Bxuνpx, tq ď E
t
@x P R, t ą 0.
Shocks and rarefaction waves are most important nonlinear solutions to conserva-
tion laws. A viscous shock profile φνpx´ stq is a classical traveling wave solution to
the viscous conservation law (1.1), solving the problem:
(1.5)
#
νpφνq2 “ f 1pφνqpφνq1 ´ spφνq1,
lim
xÑ´8φ
νpxq “ ul, lim
xÑ`8φ
νpxq “ ur,
where ul ą ur and s is the shock speed defined by the Rankine-Hugoniot condition:
s “ fpulq ´ fpurq
ul ´ ur .
The existence of the shock profile follows from a simple phase plane analysis, and can
also follow from the center-manifold theorem in Kopell-Howard [18]. For ul ă ur, a
centered rarefaction wave
uRpx, tq “
$’&’%
ul,
x
t
ă f 1pulq,
pf 1q´1px
t
q, f 1pulq ď xt ď f 1purq,
ur,
x
t
ą f 1purq,
is an entropy weak solution to the Riemann problem for the inviscid conservation law
(1.1) with ν “ 0.
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When the initial data u0 approaches constant states as |x| Ñ `8, i.e. w0l “
w0r “ 0 in (1.3), the asymptotic behaviors of solutions to (1.1), (1.2) have been
studied widely so far. The pioneering work of Hopf [14] showed the L8 stability of
constants with a decay rate 1{?t, by using an explicit representation of the solution
to the Burgers’ equation. Later, Il’in-Oleˇınik [16] applied the maximum principle
on the anti-derivative variables to prove the L8 stability of constants, shocks and
rarefaction waves for general convex conservation laws. Moreover, Freistühler-Serre
[5] combined a lap number argument and maximum principle to prove the L1 stability
of viscous shock profiles. For more results, we refer to [27, 11, 15] for the one-
dimensional scalar case, [9, 32, 12, 13, 17] for the multi-dimensional scalar case, and
[26, 8, 23, 24, 31, 25, 29] for the important one-dimensional system case.
For the initial data which keeps oscillating at infinities, Lax [22] was the first one
to study the periodic data. He showed that the entropy periodic solutions to inviscid
scalar conservation laws approach their constant averages in the L8 norm at algebraic
rates. And then Glimm-Lax [7] and Dafermos [1] used the generalized characteristics
to extend the results to some 2 ˆ 2 systems. Besides the constants, Xin-Yuan-Yuan
[33] and Yuan-Yuan [34] proved the L8 stability of shocks and rarefaction waves
under periodic perturbations for the scalar inviscid conservation laws, by using the
generalized characteristics. One can also see [3, 4] for the L1 stability of the stationary
viscous “ shock profile ” which connects two periodic functions as end states, where
the flux in the equation (1.1) is fpx, uq that is periodic with respect to x.
In this paper, we deal with the initial data (1.3), where w0l, w0r are arbitrary
periodic functions, in order to see how the initial oscillations at infinities influence
the stability of these two nonlinear waves in the viscous case. Throughout this paper,
we let φpxq denote any fixed shock profile solving (1.5) with ν “ 1, and then for any
ν ą 0, we define
(1.6) φνpxq :“ φ
´x
ν
¯
.
Then φν solves (1.5) for any ν ą 0 and tends to the inviscid Lax-shock
uSpx, tq “
#
ul, x ă st,
ur, x ą st,
almost everywhere as the viscosity ν Ñ 0 ` . With the constants ul, ur and periodic
perturbations w0l, w0r P L8pRq in (1.3), we let uνl , uνr denote the periodic solutions
to (1.1) with the respective initial data
(1.7) uνl px, 0q “ ul ` w0lpxq, uνrpx, 0q “ ur ` w0rpxq.
Now the main results of this paper are stated as follows:
Theorem 1.1. Assume that ν ą 0 and the initial data u0 P L8pRq satisfies (1.3) with
ul ą ur and the periodic functions w0l, w0r P L8 with the respective periods pl, pr ą 0,
satisfying
(1.8)
1
pl
ż pl
0
w0lpxqdx “ 1
pr
ż pr
0
w0rpxqdx “ 0.
Then the unique bounded solution uν to (1.1), (1.2) satisfies
(1.9) sup
xPR
|uνpx, tq ´ φνpx´ st´Xν8q| ď Ce´µt, t ą 0,
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with the constant shift Xν8 “ 1ul´ur
`
Xν8,1 `Xν8,2
˘
given by
Xν8,1 “
ż 0
´8
pu0 ´ φν ´ w0lqpxqdx`
ż `8
0
pu0 ´ φν ´ w0rqpxqdx,(1.10)
Xν8,2 “
ż `8
0
1
pl
ż pl
0
rfpuνl px, tqq ´ fpulqsdxdt´ 1pl
ż pl
0
ż x
0
w0lpyqdydx(1.11)
´
ż `8
0
1
pr
ż pr
0
rfpuνrpx, tqq ´ fpurqsdxdt` 1pr
ż pr
0
ż x
0
w0rpyqdydx.
Theorem 1.1 shows that in contrast to the case of localized perturbations, besides
the localized part of the initial perturbation, the periodic oscillations at infinities
generate another shift Xν8,2 to the background viscous shock profile. The next the-
orem shows that this shift is non-zero in general even in the case the periods of the
perturbations at x “ ˘8 are the same.
Theorem 1.2. Under the assumptions of Theorem 1.1, if w0l “ w0r “ w0, the
constant Xν8,2 defined in (1.11) may be non-zero in general. More precisely,
(1) for the Burgers’ equation, i.e. fpuq “ u2{2, it holds that Xν8,2 “ 0;
(2) for any periodic perturbation w0 with zero average, if
0 ă }w0}L8pRq ă pul ´ urq{2,
there exists a smooth and strictly convex flux f such that Xν8,2 ‰ 0.
However, for the inviscid conservation law (1.1) with ν “ 0, it is shown in [33] that
if w0l “ w0r, the entropy solution u0 tends to the background shock uS with no shift,
i.e. X08,2 “ 0 in this case. The vanishing viscosity limit for the shift Xν8,2 is presented
in the next theorem, which agrees with the results in [33, 34].
Theorem 1.3. Under the assumptions of Theorem 1.1, as the viscosity ν Ñ 0`,
(1.12) Xν8,2 Ñ X08,2 :“ ´min
xPR
ż x
0
w0lpyqdy `min
xPR
ż x
0
w0rpyqdy.
Furthermore, if both w0l and w0r have bounded total variations on their respective
periodic domains, there exists a constant C ą 0, independent of the viscosity ν, such
that
(1.13)
ˇˇ
Xν8,2 ´X08,2
ˇˇ ď Cν1{5.
At last, we state the result for rarefaction waves.
Theorem 1.4. Assume that ν ą 0 and the initial data u0 satisfies (1.3) with ul ă
ur and the periodic functions w0l, w0r P L8 with the respective periods pl, pr ą 0,
satisfying (1.8). Then the unique bounded solution uν to (1.1), (1.2) satisfies
sup
xPR
|uνpx, tq ´ uRpx, tq| Ñ 0 as tÑ 8.
Consequently, different from the localized perturbations, i.e., the background shock
can absorb all localized perturbations on the two sides and finally tends to itself with
no shift (if the perturbation has zero mass), the periodic perturbations at infinities
produce infinite perturbations onto the background shock, ended up with a constant
shift, which cannot be determined explicitly by the initial perturbations in the viscous
case.
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The main difficulty to prove Theorem 1.1 is that the perturbation uν ´ φν is
not integrable anymore, which makes it difficult to use an anti-derivative argument
as before that plays an important role in the previous study of the stability under
localized perturbations. In fact, if one considers the equation of the perturbation,
the coefficient of the zero-order term is f2pφνqpφνq1 ă 0, which makes it harder to use
either the maximum principle or the energy method. One of the key elements of
our proof is that we find an ansatz ψνXνptqpx, tq, where Xνptq is a shift function (see
(2.15)) such that the difference uν ´ ψνXνptq is integrable and has zero mass for large
time. Therefore, it is plausible to study the equation of the anti-derivative variable
of the difference uν ´ ψνXνptq (for the Burgers’ equation, the ansatz actually coincides
with the solution uν at an arithmetic sequence of time ttku; see Proposition 2.8). We
show that the limit of Xνptq ´ st as t Ñ `8 is actually the constant shift Xν8 in
Theorem 1.1. And although the ansatz ψνXνptq is not a solution to (1.1), the error
(see (2.10)) decays exponentially both in space and in time. Then following the
idea of Il’in-Oleˇınik [16], one can construct auxiliary functions and use the maximum
principle to obtain our main results.
2. Preliminaries and ansatz
We first present some useful lemmas and introduce some notations, and then con-
struct the ansatz. Important properties of the ansatz will be stated as propositions,
which will be proved in the rest of the paper. In the end of this section, we outline
the organizations of the proof.
Lemma 2.1. Assume that u0pxq P L8pRq is periodic with period p ą 0 and average
u “ 1
p
şp
0
u0pxqdx. Then there exists a constant α ą 0, depending only on p and ν, such
that for any integers k, l ě 0, the periodic solution uνpx, tq to (1.1),(1.2) satisfies that
(2.1) }Bkt Blxpuν ´ uq}L8pRq ď Ce´αt, t ě 1,
where C ą 0 is independent of time t.
The proof of Lemma 2.1 can be obtained by standard energy estimates and the
Poincaré inequality, which is given in the Appendix A. Thus, there exists an α ą 0,
depending on pl, pr and ν, such that uνl and uνr satisfy (2.1) with u “ ul and ur,
respectively.
Lemma 2.2. Assume that u0, u˜0 P L8pRq and there exist constants C ą 0 and δ P R
such that
|u0pxq ´ u˜0pxq| ď Ceδx, x P R.
Then it holds that
|Sνt u0 ´ Sνt u˜0| ď Cptqeδx, x P R, t ą 0,
where the constant Cptq ą 0 is bounded on any compact subset of r0,`8q.
The proof of Lemma 2.2, based on approximate solutions solving linear parabolic
equations, is given in the Appendix B.
For the periodic solutions uνl and uνr defined in (1.7), the following result can follow
from Lemma 2.2.
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Lemma 2.3. Assume that the initial data u0 P L8pRq satisfies (1.3). Then the
unique solution uν to (1.1), (1.2) satisfies that
(2.2)
#
|uνpx, tq ´ uνl px, tq| ď Cptqeβ0x,
|uνpx, tq ´ uνrpx, tq| ď Cptqe´β0x,
x P R, t ą 0,
where Cptq is bounded on any compact subset of r0,`8q.
To prove Theorem 1.1, we now construct the ansatz. For the shock profile φν
defined in (1.6), we first define the function:
(2.3) gνpxq :“ φ
νpxq ´ ur
ul ´ ur , x P R.
Lemma 2.4. The function gν P C8pRq satisfies that
(i) there exist positive constants β1 and β2, depending on ν, f, ul and ur, such that
(2.4) β1 ď ´pg
νq1pxq
pul ´ urqgνpxqp1´ gνpxqq ď β2, x P R;
(ii) with the inequality (2.4), there exists a constant C ą 0, depending on ν, f, ul
and ur, such that
(2.5)
1
C
e´β2x ď gνpxq ď Ce´β1x, x ą 0,
1
C
eβ2x ď 1´ gνpxq ď Ceβ1x, x ă 0,
1
C
e´β2|x| ď ´pgνq1pxq ď Ce´β1|x|, x P R.
The proof of Lemma 2.4 can be found in [10]. And we will give a simplified proof
for the scalar viscous conservation laws in the Appendix C. For convenience, in the
following part of this paper we define
(2.6) β :“ mintβ0, β1, β2u ą 0.
Then for any C1 curve ξptq : r0,`8q Ñ R, we set
(2.7) gνξ pxq :“ gνpx´ ξptqq, x P R, t ě 0,
with the derivatives:
pgνξ qpkqpxq :“ pgνqpkqpx´ ξptqq, k ě 1.
Motivated by Lemma 2.3 and the formula of the viscous shock profile
φνξ pxq :“ φνpx´ ξptqq “ ulgνξ pxq ` urp1´ gνξ pxqq,
we construct the ansatz as
(2.8) ψνξ px, tq :“ uνl px, tqgνξ pxq ` uνrpx, tqp1´ gνξ pxqq.
It is noted that the shift ξptq appears only in gν . Thus ψνξ satisfies
(2.9) Btψνξ ` Bxfpψνξ q ´ νB2xψνξ “ hνξ ,
where the source term hνξ is
(2.10)
hνξ “ Bxfpψνξ q ´ Bxfpuνl qgνξ ´ Bxfpuνrqp1´ gνξ q ´ 2νBxpuνl ´ uνrqpgνξ q1
´ puνl ´ uνrq
`pgνξ q1 ξ1 ` νpgνξ q2˘ ,
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which can be rewritten as
(2.11)
hνξ “ Bx
“`
fpψνξ q ´ fpuνl q
˘
gνξ `
`
fpψνξ q ´ fpuνrq
˘ p1´ gνξ q ´ 2νpuνl ´ uνrqpgνξ q1‰
` pfpuνl q ´ fpuνrqq pgνξ q1 ´ puνl ´ uνrqpgνξ q1ξ1 ` νpuνl ´ uνrqpgνξ q2.
This, together with the fact νpgνξ q2 “ f 1pφνξ qpgνξ q1 ´ spgνξ q1, yields that
(2.12)
hνξ “
`
f 1pψνξ q ´ f 1puνl q
˘ Bxuνl gνξ ` `f 1pψνξ q ´ f 1puνrq˘ Bxuνrp1´ gνξ q
´ 2νBxpuνl ´ uνrqpgνξ q1 ´ puνl ´ uνrq
`
ξ1ptq ´ s` f 1pφνξ q ´ f 1pψνξ q
˘ pgνξ q1.
The formulas (2.11) and (2.12) will be used later.
The ansatz ψνξ is expected to satisfy
ş
R
`
uν ´ ψνξ
˘ px, tqdx ” 0, so that the anti-
derivative variable can vanish at both infinities |x| Ñ 8. Under the assumptions of
Theorem 1.1, it follows from Lemma 2.1 that there exists a large T0 ą 0 such that
(2.13) 0 ă ul ´ ur
2
ă puνl ´ uνrq px, tq ă 2pul ´ urq, x P R, t ě T0.
The time T0 is chosen to guarantee
ş
Rpuνl ´ uνrqpx, tqpgνξ q1dx ă 0 for all t ě T0. It is
noted that the terms appearing in the square brackets of (2.11) vanish as |x| Ñ 8.
For the equation of the perturbation,
(2.14) Btpuν ´ ψνξ q ` Bx
`
fpuνq ´ fpψνξ q
˘ “ νB2xpuν ´ ψνξ q ´ hνξ ,
we aim to choose a curve ξ “ Xνptq such that şR hνXν px, tqdx “ 0. Integrating (2.11)
with respect to x, we require that the curve Xνptq solves the problem:
(2.15)
#
pXνq1ptq “ F νpXνptq, tq, t ą T0,
XνpT0q “ Xν0 ,
where
(2.16) F νpξ, tq :“
ş
R
“
νpuνl ´ uνrqpgνξ q2 ` pfpuνl q ´ fpuνrqq pgνξ q1
‰
dxş
Rpuνl ´ uνrqpgνξ q1dx
,
and the initial data XνpT0q “ Xν0 is chosen so that
(2.17)
ż
R
puν ´ ψνXν0 qpx, T0qdx “ 0.
Proposition 2.5. Under the assumptions of Theorem 1.1, there exists a unique Xν0 P
R such that (2.17) holds, and the problem (2.15) admits a unique C8 solution Xνptq
with
(2.18) |Xνptq ´ st´Xν8| ď Ce´αt, t ě T0,
where Xν8 is the constant defined in Theorem 1.1 and the constant C ą 0 is indepen-
dent of time t.
Remark 2.6. The choice of Xνptq can make the source term hνXν px, tq and its anti-
derivative variable
şx
´8 h
ν
Xν py, tqdy decay exponentially fast both in space and in time
(see Proposition 3.5 for details), which plays an important role in the proof of Theo-
rem 1.1.
With the shift curve Xνptq so determined, we have the following results.
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Proposition 2.7. Under the assumptions of Theorem 1.1, there exist constants C ą
0 and 0 ă µ ď α, independent of time t, such that the unique bounded solution uν to
(1.1), (1.2) satisfies
(2.19) sup
xPR
|uνpx, tq ´ ψνXνptqpx, tq| ď Ce´µt, t ě T0.
Proposition 2.8. Assume that fpuq “ u2{2 in (1.1), and the initial data satisfies
(2.20) u0pxq “ φνpxq ` w0pxq,
where w0pxq is periodic with period p ą 0 and zero average. Then at each time
tk “ kp{pul ´ urq, k “ 0, 1, 2, ¨ ¨ ¨ , the solution uν to (1.1), (1.2) satisfies that
(2.21) uνpx, tkq “ ψνstkpx, tkq, x P R.
And the shift function Xν in Proposition 2.5 satisfies that for tk ě T0,
(2.22) Xνptkq “ stk.
Remark 2.9. It can follow from (2.21) and (2.22) that for tk ě T0, uνpx, tkq “
ψνXν px, tkq, which is compatible with (2.19). And it also implies that the ansatz ψνXν
is a suitable choice to approach the actual solution uν .
This paper proceeds as follows: We first prove Theorems 1.1, 1.2 and 1.3 for
viscous shock profiles in Section 3. More precisely, it is shown that Theorem 1.1
follows from Propositions 2.5 and 2.7 easily. Proposition 2.5 for the shift function
Xνptq is proved in Section 3.1. Proposition 2.7 is proved in Section 3.2, which is
independent of Proposition 2.5. In Section 3.3, we prove the result (1) in Theorem 1.2
and Proposition 2.8 for the Burgers’ equation. The proof of Theorem 1.2 is completed
in Section 3.4, where a strictly convex flux f is constructed such that Xν8,2 ‰ 0. In
Section 3.5, we prove Theorem 1.3 for the vanishing viscosity limit for Xν8,2. At last,
Theorem 1.4 for rarefaction waves is proved in Section 4.
3. Stability of shock profiles
Theorem 1.1 can follow from Lemma 2.1, Propositions 2.5 and 2.7. In fact, it holds
that
|uνpx, tq ´ φνpx´ st´Xν8q| ď |uνpx, tq ´ ψνXν px, tq| ` |ψνXν px, tq ´ φνpx´Xνptqq|
` |φνpx´Xνptqq ´ φνpx´ st´Xν8q|
ď Ce´µt ` |uνl px, tq ´ ul| ` |uνrpx, tq ´ ur| ` Ce´αt
ď Ce´µt,
which proves (1.9). Thus, it remains to prove Propositions 2.5 and 2.7 to finish the
proof of Theorem 1.1.
3.1. Shift function.
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3.1.1. Existence and uniqueness of the shift function.
For any ξ P R,ż
R
puν ´ ψνξ qpx, T0qdx “
ż
R
`
uν ´ uνl gνξ ´ uνrp1´ gνξ q
˘ px, T0qdx.
As ξ Ñ ´8 (resp., `8), gνξ pxq “ gνpx ´ ξq Ñ 0 (resp., 1), then due to (2.2) and
(2.13), one has that
ş
Rpuν´ψνξ qpx, T0qdxÑ `8 (resp., ´8) as ξ Ñ ´8 (resp., `8).
Thus, there exists an Xν0 P R such that (2.17) holds. And the uniqueness follows
from (2.13) and the strict monotonicity of gν .
Now we will prove the existence and uniqueness ofXνptq solving the problem (2.15).
Lemma 3.1. The problem (2.15) has a unique C8 solution Xνptq : rT0,`8q Ñ R,
satisfying
(3.1) |pXνq1ptq ´ s| ď Ce´αt, t ě T0,
where C ą 0 is independent of time t.
Proof. By Lemma 2.4 and (2.13), the denominator of F νpξ, tq satisfies thatż
R
puνl ´ uνrqpx, tqpgνξ q1pxqdx ď ul ´ ur2
ż
R
pgνξ q1pxqdx
“ ´ul ´ ur
2
ă 0.
Since for any k ě 1, pgνqpkq is integrable and uνl , uνr are bounded and smooth, thus F ν
is smooth and all the derivatives are bounded. Then the existence and uniqueness of
Xν can follow from the Cauchy-Lipschitz theorem.
Now we prove (3.1). By Lemmas 2.1 and 2.4, one can get thatż `8
´8
puνl ´ uνrqpgνXν q2dx “
ż `8
´8
puνl ´ ul ´ ur ` urqpgνXν q2dx “ Ope´αtq,ż `8
´8
pfpuνl q ´ fpuνrqqpgνXν q1dx “ ´fpulq ` fpurq `Ope´αtq,ż `8
´8
puνl ´ uνrqpgνXν q1dx “ ´ul ` ur `Ope´αtq.
Therefore, (3.1) holds true. 
3.1.2. The limit of the shift function as tÑ `8.
In order to compute lim
tÑ`8X
νptq´st in terms of the initial data u0pxq, the informa-
tion of the solution uνpx, tq for t P r0, T0s should be used. However, when t P r0, T0s,
it may fail to find a unique ξ such that
ş
R
`
uν ´ ψνξ
˘ px, tqdx “ 0 or fail to ensure the
denominator of F ν ,
ş
Rpuνl ´ uνrqpx, tqpgνξ q1pxqdx, is non-zero. Therefore, we need the
following modifications to extend the definition of Xνptq on r0, T0s.
For the bounded periodic solutions uνl and uνr , one can first choose a large number
M ą 0 such that for all t ě 0,
(3.2)
ż
R
puνl ´ uνrqpx, tqpgνξ q1pxqdx´M ď C
ż
R
ˇˇpgνξ q1pxqˇˇ dx´M
“ C ´M ă 0.
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Thanks to (3.2), there exists a unique solution Xˆνptq P C1r0, T0s to the problem
(3.3)
#
pXˆνq1ptq “ Fˆ νpXˆνptq, tq, t ď T0,
XˆνpT0q “ Xν0 ,
where
(3.4) Fˆ νpξ, tq :“
ş
R
“
νpuνl ´ uνrqpgνξ q2 ` pfpuνl q ´ fpuνrqqpgνξ q1
‰
dxş
Rpuνl ´ uνrqpgνξ q1dx´M
.
The proof of existence and uniqueness of Xˆν is similar to that in Lemma 3.1. Now
we claim that
(3.5) MpXν0 ´ Xˆν0 q `
ż
R
´
u0pxq ´ ψνXˆν0 px, 0q
¯
dx “ 0,
where Xˆν0 :“ Xˆνp0q.
Indeed, for any N ą 0, one can choose a cut-off function ϕNpxq P C80 pRq satisfying
ϕNpxq “ 1, if |x| ă N, and ϕNpxq “ 0, if |x| ą N ` 1. Then by multiplying ϕNpxq on
each side of (2.14) and integrating by parts, one can get that for any t ą 0,ż
R
puν ´ ψν
Xˆν
qpx, tqϕNpxqdx(3.6)
“
ż
R
puν ´ ψν
Xˆν
qpx, 0qϕNpxqdx` ν
ż t
0
ż
R
puν ´ ψν
Xˆν
qϕ2Ndxdτ
`
ż t
0
ż
R
`
fpuνq ´ fpψν
Xˆν
q˘ϕ1Ndxdτ ´ ż t
0
ż
R
hν
Xˆν
ϕNdxdτ,
Thus, by applying Lemmas 2.4 and 3.2, one can take limit N Ñ `8 and use the
dominated convergence theorem in (3.6) to get that
(3.7)
ż
R
puν ´ ψν
Xˆν
qpx, tqdx “
ż
R
´
u0pxq ´ ψνXˆν0 px, 0q
¯
dx´
ż t
0
ż
R
hν
Xˆν
px, τqdxdτ.
It follows from (2.11) and (3.3) that
´
ż
R
hν
Xˆν
px, tqdx “M d
dt
Xˆνptq.
This, together with (2.17) and (3.7), yields (3.5).
Now, we define
(3.8) X˜νptq :“
#
Xνptq, t ą T0,
Xˆνptq, 0 ď t ď T0,
then X˜ν is a Lipschitz continuous curve on r0,`8q. For y P p0, 1q, N P N˚ and t ą T0,
we define the domain
ΩNy :“ tpx, τq : X˜νpτq ` p´N ` yqpl ď x ď X˜νpτq ` pN ` yqpr, 0 ď τ ď tu;
see Figure 1.
It follows from the equations of uνl and uνr thatĳ
ΩNy
 `Btuνl ` Bxfpuνl q ´ νB2xuνl ˘ gνX˜ν ` `Btuνr ` Bxfpuνrq ´ νB2xuνr˘ p1´ gνX˜ν q( dxdτ “ 0.
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Figure 1.
Then integration by parts yields that
(3.9)
ĳ
ΩNy
!
´pX˜νq1ptqpuνl ´ uνrq ` pfpuνl q ´ νBxuνl q ´ pfpuνrq ´ νBxuνrq
)
pgν
X˜ν
q1dxdτ
“ ANpy, tq ´ ANpy, 0q ´BNl py, tq `BNr py, tq,
where
(3.10)
ANpy, tq :“
ż X˜νptq`pN`yqpr
X˜νptq`p´N`yqpl
”
uνl px, tqgνX˜ν pxq ` uνrpx, tqp1´ gνX˜ν pxqq
ı
dx,
ANpy, 0q :“
ż Xˆν0`pN`yqpr
Xˆν0`p´N`yqpl
”
uνl px, 0qgνXˆν0 pxq ` u
ν
rpx, 0q
´
1´ gν
Xˆν0
pxq
¯ı
dx,
BNl py, tq :“
ż t
0
!
pfpuνl q ´ νBxuνl q gνX˜ν ` pfpuνrq ´ νBxuνrq p1´ gνX˜ν q
´ pX˜νq1pτq “uνl gνX˜ν ` uνrp1´ gνX˜ν q‰ )pX˜νpτq ` p´N ` yqpl, τqdτ,
BNr py, tq :“
ż t
0
!
pfpuνl q ´ νBxuνl q gνX˜ν ` pfpuνrq ´ νBxuνrq p1´ gνX˜ν q
´ pX˜νq1pτq “uνl gνX˜ν ` uνrp1´ gνX˜ν q‰ )pX˜νpτq ` pN ` yqpr, τqdτ.
It follows from (2.15) and (3.3) that the left hand side of (3.9)ĳ
ΩNy
¨ ¨ ¨ dxdτ “
ĳ
ΩNy Xt0ăτăT0u
¨ ¨ ¨ dxdτ `
ĳ
ΩNy XtT0ăτătu
¨ ¨ ¨ dxdτ
Ñ ´M
ż T0
0
pXˆνq1ptqdt` 0 “ ´MpXν0 ´ Xˆν0 q as N Ñ `8.
Thus it remains to evaluate the right hand side of (3.9) as N Ñ `8.
(i) The integrals on tτ “ 0u and tτ “ tu.
Set
(3.11) wνl px, tq :“ uνl px, tq ´ ul, wνr px, tq :“ uνrpx, tq ´ ur.
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Then it follows from Lemma 2.1 that }wνl }L8 ` }wνr }L8 ď Ce´αt. Since w0l and w0r
are both of zero average, one has that
(3.12)
JNpy, tq “: ANpy, tq ´ ANpy, 0q
“
ż pN`yqpr
p´N`yqpl
”
wνl px` X˜νptq, tqgνpxq ` wνr px` X˜νptq, tq p1´ gνpxqq
ı
dx
´
ż Xˆν0`pN`yqpr
Xˆν0`p´N`yqpl
”
w0lpxqgνpx´ Xˆν0 q ` w0rpxq
´
1´ gνpx´ Xˆν0 q
¯ ı
dx
“ Ope´αtq `
ż Xˆν0`ypl
Xˆν0`p´N`yqpl
pw0l ´ w0rqpxq
´
1´ gνpx´ Xˆν0 q
¯
dx
´
ż Xˆν0`ypr
Xˆν0`ypl
”
w0lpxqgνpx´ Xˆν0 q ` w0rpxq
´
1´ gνpx´ Xˆν0 q
¯ ı
dx
´
ż Xˆν0`pN`yqpr
Xˆν0`ypr
pw0l ´ w0rqpxqgνpx´ Xˆν0 qdx.
Then one can get that
(3.13)
Jpy, tq :“ lim
NÑ8 J
Npy, tq
“ Ope´αtq `
ż Xˆν0`ypl
´8
pw0l ´ w0rqpxq
´
1´ gνpx´ Xˆν0 q
¯
dx
´
ż Xˆν0`ypr
Xˆν0`ypl
”
w0lpxqgνpx´ Xˆν0 q ` w0rpxq
´
1´ gνpx´ Xˆν0 q
¯ ı
dx
´
ż `8
Xˆν0`ypr
pw0l ´ w0rqpxqgνpx´ Xˆν0 qdx.
By (3.5), it holds that
MpXν0 ´ Xˆν0 q “ ´
ż
R
”
u0pxq ´ φνpx´ Xˆν0 q ´ w0lpxqgνpx´ Xˆν0 q(3.14)
´ w0rpxq
´
1´ gνpx´ Xˆν0 q
¯ ı
dx
“ ´
ż 0
´8
pu0 ´ φν ´ w0lq pxqdx´
ż `8
0
pu0 ´ φν ´ w0rq pxqdx
` pul ´ urqXˆν0 ´
ż 0
´8
pw0l ´ w0rqpxq
´
1´ gνpx´ Xˆν0 q
¯
dx
`
ż `8
0
pw0l ´ w0rqpxqgνpx´ Xˆν0 qdx.
This, together with (3.13), yields that
Jpy, tq “ Ope´αtq ´MpXν0 ´ Xˆν0 q ` pul ´ urqXˆν0
´
ż 0
´8
pu0 ´ φν ´ w0lq pxqdx´
ż `8
0
pu0 ´ φν ´ w0rq pxqdx
`
ż Xˆν0`ypl
0
w0lpxqdx´
ż Xˆν0`ypr
0
w0rpxqdx.
SHOCK PROFILES AND RAREFACTION WAVES UNDER PERIODIC PERTURBATIONS 13
Note that for i “ l, r, since w0i has zero average,
şy
0
w0ipxqdx is periodic with respective
to y with period pi. Therefore,ż 1
0
ż Xˆν0`ypi
0
w0ipxqdxdy “ 1
pi
ż pi
0
ż Xˆν0`y
0
w0ipxqdxdy
“ 1
pi
ż pi
0
ż y
0
w0ipxqdxdy.
Thus one can get thatż 1
0
Jpy, tqdy “ Ope´αtq ´MpXν0 ´ Xˆν0 q ` pul ´ urqXˆν0(3.15)
´
ż 0
´8
pu0 ´ φν ´ w0lq pxqdx´
ż `8
0
pu0 ´ φν ´ w0rq pxqdx
` 1
pl
ż pl
0
ż y
0
w0lpxqdxdy ´ 1
pr
ż pr
0
ż y
0
w0rpxqdxdy.
(ii) The integrals on two sides.
Since uνl is periodic, it holds that
(3.16)
BNl py, tq “
ż t
0
!
pfpuνl q ´ νBxuνl q pX˜νpτq ` ypl, τq gν pp´N ` yqplq
´ pX˜νq1pτq uνl pX˜νpτq ` ypl, τq
` r¨ ¨ ¨ s p1´ gν
X˜ν
qpX˜νpτq ` p´N ` yqpl, τq
)
dτ,
where r¨ ¨ ¨ s denotes the remaining terms which are bounded. Then taking the limit
N Ñ `8 in (3.16) and using Lemma 2.4, one can get that
lim
NÑ`8
ż 1
0
BNl py, tqdy “
ż t
0
1
pl
ż pl
0
fpuνl qpX˜ν ` x, τqdxdτ ´
ż t
0
pX˜νq1pτquldτ
“
ż t
0
1
pl
ż pl
0
fpuνl qpx, τqdxdτ ´ ulpX˜νptq ´ Xˆν0 q.
Similarly, it holds that
lim
NÑ`8
ż 1
0
BNr py, tqdy “
ż t
0
1
pr
ż pr
0
fpuνrqpx, τqdxdτ ´ urpX˜νptq ´ Xˆν0 q.
Now, with the calculations in (i) and (ii), one can integrate the equation (3.9)
with respect to y over p0, 1q, and then let N Ñ `8, to get that for any t ą T0,
(3.17)
ż 1
0
Jpy, tqdy ` pul ´ urqpX˜νptq ´ Xˆν0 q
“
ż t
0
” 1
pl
ż pl
0
fpuνl qpx, τqdx´ 1pr
ż pr
0
fpuνrqpx, τqdx
ı
dτ ´MpXν0 ´ Xˆν0 q.
Note also that for i “ l, r,ż t
0
1
pi
ż pi
0
fpuνi qdydτ “
ż t
0
1
pi
ż pi
0
pfpuνi q ´ fpuiqq dydτ ` fpuiqt
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“
ż `8
0
1
pi
ż pi
0
pfpuνi q ´ fpuiqq dydτ `Ope´αtq ` fpuiqt,
where Lemma 2.1 is used. Then it can follow from (3.15) and (3.17) that for t ą T0,
(3.18) Xνptq ´ st “ X˜νptq ´ st “ Ope´αtq `Xν8,
where Xν8 is defined in Theorem 1.1. The proof of Proposition 2.5 is finished.
3.2. Decay to ansatz.
In this section, we will prove Proposition 2.7. First, uνpx, tq will be proved to be
close to uνl px, tq (resp., uνrpx, tq) in the region x ă st ´ Nε (resp. x ą st ´ Nε) with
large enough t and Nε (independent of time); see Proposition 3.4. Then motivated
by [16], the equation of the anti-derivative variable of uν ´ ψνXν is studied and the
comparison principle is applied to prove Proposition 2.7.
3.2.1. Time-independent estimates.
The following result follows directly from Lemma 2.3.
Lemma 3.2. Under the assumptions of Theorem 1.1, there holds that
|uνpx, tq ´ ψνξ px, tq| ď Cptqeβ|ξ|e´β|x´ξ|, ξ, x P R, t ě 0,
where Cptq ą 0 is bounded on any compact subset of r0,`8q.
Then by Lemmas 2.3 and 3.2, for any x P R, t ě 0, one can define the anti-derivative
variables:
Uνl px, tq :“
ż x
´8
puν ´ uνl qpy, tqdy,(3.19)
Uνr px, tq :“
ż `8
x
puν ´ uνrqpy, tqdy,(3.20)
Uˇνξ px, tq :“
ż x
´8
puν ´ ψνξ qpy, tqdy,(3.21)
Uˆνξ px, tq :“
ż `8
x
puν ´ ψνξ qpy, tqdy.(3.22)
Lemma 3.3. For any C8 curve ξptq : r0,`8q Ñ R with bounded derivatives, the
functions Uνl , Uνr , Uˇνξ and Uˆνξ defined above satisfy the following equations:
BtUνl ´ νB2xUνl “ fpuνl q ´ fpuνq, x P R, t ą 1,(3.23)
BtUνr ´ νB2xUνr “ fpuνq ´ fpuνrq, x P R, t ą 1,(3.24)
BtUˇνξ ´ νB2xUˇνξ “ fpψνξ q ´ fpuνq ´
ż x
´8
hνξ py, tqdy, x P R, t ą 1,(3.25)
BtUˆνξ ´ νB2xUˆνξ “ fpuνq ´ fpψνξ q ´
ż `8
x
hνξ py, tqdy, x P R, t ą 1,(3.26)
where the derivatives appearing in these equations are all continuous in Rˆ r1,`8q.
Proof. Here we prove only (3.23) and (3.25), since the proofs of the other two are
similar.
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(1) To prove (3.23), for any T ą 1, one considers the following problem:
(3.27)
#
BtV ´ νB2xV “ fpuνl q ´ fpuνq, x P R, 1 ă t ď T,
V px, 1q “ Uνl px, 1q.
It follows from Lemma 3.2 that
(3.28)
#
|fpuνl q ´ fpuνq| ď CpT qeβx @x P R, 1 ă t ď T,
|Uνl px, 1q| ď Ceβx @x P R.
Note that
eβ|x| ď CpT qe 14νT |x|2 ,
and the initial data Uνl px, 1q and the source term fpuνl q ´ fpuνq are smooth
functions, then by the standard parabolic theories (see [6, Chapter 1, Theo-
rem 12]), the function
(3.29) V px, tq “
ż t´1
0
Kτ p¨q ˚ pfpuνl q ´ fpuνqqp¨, t´ τqdτ `Kt´1p¨q ˚ Uνl p¨, 1q
solves (3.27) and all the derivatives of V appearing in the equation exist and
are continuous in Rˆ r1, T s, where Ktpxq :“ p2piνtq´ 12 e´ x24νt denotes the heat
kernel. It then follows from (3.28) and (3.29) that V px, tq vanishes as xÑ ´8.
Then by (3.29) and the equations of uν and uνl , it holds that
BxV px, tq “
ż t´1
0
rBxKτ ˚ pfpuνl q ´ fpuqqs px, t´ τqdτ
` “Kt´1 ˚ pu´ uνl q‰ px, 1q
“ pu´ uνl qpx, tq, x P R, 1 ď t ď T,
which implies that V px, tq “ Uνl px, tq for all x P R and 1 ď t ď T. And since
T ą 1 is arbitrary, (3.23) holds true.
(2) Now we prove (3.25). By integrating (2.11) with the space variable on p´8, xq,
one can get from Lemmas 2.1 and 2.4 thatż x
´8
hνξ dy “
`
fpψνξ q ´ fpuνl q
˘
gνξ `
`
fpψνξ q ´ fpuνrq
˘ p1´ gνξ q
´ 2νpuνl ´ uνrqpgνξ q1 `
ż x
´8
pfpuνl q ´ fpuνrqqpgνξ q1 dy
´ ξ1ptq
ż x
´8
puνl ´ uνrqpgνξ q1 dy ` ν
ż x
´8
puνl ´ uνrqpgνξ q2 dy,
is smooth. And it follows from Lemmas 2.4, 3.2 and ψνξ ´uνl “ ´puνl ´uνrqp1´
gνξ q that for any T ą 1,ˇˇˇ ż x
´8
hνξ dy
ˇˇˇ
ď CpT q
”
1´ gνξ pxq ` |pgνξ q1pxq| `
ż x
´8
|pgνξ q1|dy `
ż x
´8
|pgνξ q2|dy
ı
.
Note that
şx
´8 |pgνξ q1|dy “ 1´ gνξ . And by pgνq2 “ 1ul´ur pf 1pφνq ´ sqpφνq1, there
exists a unique point x0 P R such that pgνq2 ă 0 for x ă x0, and pgνq2 ą 0
for x ą x0. Then
şx
´8 |pgνξ q2|dy “ ´pgνξ q1 if x ă x0 ` ξ. Hence, it follows from
Lemma 2.4 that
(3.30)
ˇˇˇ ż x
´8
hνξ dy
ˇˇˇ
ď CpT qeβx @x P R, 1 ď t ď T.
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By Lemma 3.2, one can verify easily that
(3.31) |Uˇνξp1qpx, 1q| ď Ceβx @x P R.
Now we consider the problem:
(3.32)
#
BtVˇ ´ νB2xVˇ “ Hˇν :“ fpψνξ q ´ fpuνq ´
şx
´8 h
ν
ξ py, tqdy, x P R, 1 ă t ď T,
Vˇ px, 1q “ Uˇνξp1qpx, 1q, x P R.
By Lemma 3.2 and (3.30), Hˇν satisfies that
(3.33) |Hˇνpx, tq| ď CpT qeβx @x P R, 1 ă t ď T.
Then similar to the proof in (1), since the initial data Uˇ νξp1qpx, 1q is smooth
and satisfies (3.31), and the source term Hˇν is smooth and satisfies (3.33),
one can obtain that the function
(3.34) Vˇ px, tq “
ż t´1
0
Kτ p¨q ˚ Hˇνp¨, t´ τqdτ `Kt´1p¨q ˚ Uˇνξp1qp¨, 1q
solves (3.32) and all the derivatives of Vˇ appearing in the equation exist and
are continuous in R ˆ r1, T s. It follows from (3.33) and (3.34) that Vˇ px, tq
vanishes as xÑ ´8. Then (3.34) and the equation of ψνξ yield
Btpuν ´ ψνξ q ´ νB2xpuν ´ ψνξ q “ Bxrfpψνξ q ´ fpuνq ´
ż x
´8
hνξ py, tqdys
“ BxHˇν .
And then
BxVˇ px, tq “
ż t´1
0
BxKτ p¨q ˚ Hˇνp¨, t´ τqdτ `Kt´1p¨q ˚ puν ´ ψνξ qp¨, 1q
“ puν ´ ψνξ qpx, tq @x P R, 1 ă t ď T,
which implies that Vˇ “ Uˇνξ .

Now we choose a fixed small number ε0 ą 0 such that
(3.35) f 1pul ´ 2ε0q ´ s ą 0 and f 1pur ` 2ε0q ´ s ă 0.
Then it can follow from Lemma 2.1 that there exists T1 ą T0 large enough such that
(3.36) uνl px, tq ą ul ´ ε0 and uνrpx, tq ă ur ` ε0 @x P R, t ą T1,
where T0 is the number chosen in (2.13).
For later use, we define
apv, wq :“
ż 1
0
f 1pw ` ρpv ´ wqq dρ,(3.37)
bpv, wq :“
ż 1
0
f2pw ` ρpv ´ wqq dρ.(3.38)
Now, we give the results of the time-independent estimates of uν ´uνl and uν ´uνr .
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Proposition 3.4. Under the assumptions of Theorem 1.1. There exists T2 ą T1 such
that for any ε ą 0, there exists Npεq ą 0, independent of time t, such that
|uνpx, tq ´ uνl px, tq| ď ε, t ą T2, x ă st´Npεq,(3.39)
|uνpx, tq ´ uνrpx, tq| ď ε, t ą T2, x ą st`Npεq.(3.40)
Proof. We prove (3.39) only, since the proof of (3.40) is similar. And the proof will
be divided into four steps.
Step 1.We will prove that there exist T2 ą T1, independent of ε, and N1 “ N1pεq ą
0 such that
Uνl px, tq ă ε, t ą T2, x ă st´N1,
where Uνl is defined in (3.19).
By (3.35), one can define a constant
(3.41) β˜ :“ f 1pul ´ 2ε0q ´ s ą 0.
For a constant M1 ą 1 to be determined later (see (3.47)), we define the function:
(3.42) u˜px, tq :“M1eβ˜px´stq ` uνl px, tq, x P R, t ą 0.
Then by the equation of uνl , one has that
(3.43) Btu˜´νB2xu˜`Bxfpu˜q “ h˜ :“ ´β˜sM1eβ˜px´stq´νβ˜2M1eβ˜px´stq`Bx pfpu˜q ´ fpuνl qq .
Since f is strictly convex, (3.36) implies that
f 1pu˜q ě f 1puνl q ě f 1pul ´ ε0q @x P R, t ě T1.
Hence, for the given constant M1, if t ě T1, the following two inequalities hold.
(1) If x satisfies Meβ˜px´stq ě 1, then it holds that
Bx pfpu˜q ´ fpuνl qq “ pf 1pu˜q ´ f 1puνl qq
´
β˜M1e
β˜px´stq ` Bxuνl
¯
` f 1puνl qβ˜M1eβ˜px´stq
ě pf 1pu˜q ´ f 1puνl qq
´
β˜ ´ |Bxuνl |
¯
` f 1pul ´ ε0qβ˜M1eβ˜px´stq.
Then by (3.43), Lemma 2.4 and ν ď 1, one has that
h˜ ěpf 1pu˜q ´ f 1puνl qq
´
β˜ ´ |Bxuνl |
¯
` β˜M1eβ˜px´stq
´
f 1pul ´ ε0q ´ ps` β˜q
¯
ěpf 1pu˜q ´ f 1puνl qq
´
β˜ ´ Ce´αt
¯
` β˜M1eβ˜px´stq pf 1pul ´ ε0q ´ f 1pul ´ 2ε0qq
ě pf 1pu˜q ´ f 1puνl qq
´
β˜ ´ Ce´αt
¯
.
(2) If x satisfies M1eβ˜px´stq ă 1, one has 0 ă u˜´ uνl ď 1. Then it holds that
Bx pfpu˜q ´ fpuνl qq “ f 1pu˜qβ˜Meβ˜px´stq ` pf 1pu˜q ´ f 1puνl qq Bxuνl
“ f 1pu˜qβ˜M1eβ˜px´stq ` f2p¨qpu˜´ uνl qBxuνl
ě f 1pul ´ ε0qβ˜M1eβ˜px´stq ´ CM1eβ˜px´stq|Bxuνl |.
This yields that
h˜ ě β˜M1eβ˜px´stq
´
f 1pul ´ ε0q ´ ps` β˜q
¯
´ CM1eβ˜px´stq|Bxuνl |
ě M1eβ˜px´stq
”
β˜
´
f 1pul ´ ε0q ´ ps` β˜q
¯
´ Ce´αt
ı
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ě M1eβ˜px´stq
”
β˜ pf 1pul ´ ε0q ´ f 1pul ´ 2ε0qq ´ Ce´αt
ı
ě M1eβ˜px´stq
´
β˜c0ε0 ´ Ce´αt
¯
,
where c0 :“ min f2 ą 0.
As a result of (1) and (2), there exists a constant T2 ą T1, independent of either
M1 or ε, such that
h˜ “ Btu˜´ νB2xu˜` Bxfpu˜q ą 0, x P R, t ě T2.
Set U˜px, tq :“ şx´8puν´ u˜qpy, tqdy. Then as for the proof of Lemma 3.3, one can prove
that
BtU˜ ´ νB2xU˜ ` pfpuνq ´ fpu˜qq “ ´
ż x
´8
h˜py, tqdy, x P R, t ą T2,
which implies that
(3.44) BtU˜ ´ νB2xU˜ ` apuν , u˜qBxU˜ ă 0 @x P R, t ą T2,
where apu, vq is defined by (3.37).
By Lemma 3.2, there exists N1 ą 0 such that
(3.45) |Uνl px, T2q| “
ˇˇˇ ż x
´8
puν ´ uνl qpy, T2qdy
ˇˇˇ
ď ε @x ď ´N1.
For this N1, it can also follow from Lemma 3.2 that one can define a constant
(3.46) B :“ sup
xě´N1
ˇˇˇ ż x
´N1
puν ´ uνrqpy, T2qdy
ˇˇˇ
ă `8.
Thus, for the given constants β˜, T2, N1 and B, one can choose M1 ą 0 large enough
such that
(3.47)
ż ´N1
´8
puνl ´ u˜qpy, T2qdy “ ´M1
β˜
e´β˜pN1`sT2q ă ´B.
Now we claim that
Claim 1.
U˜px, T2q “
ż x
´8
puν ´ u˜qpy, T2qdy ď ε @x P R.
In fact, if x ď ´N1, then (3.45) implies thatż x
´8
puν ´ u˜qpy, T2qdy ď
ż x
´8
puν ´ uνl qpy, T2qdy ď ε.
And if x ą ´N1, it follows from (3.45) and (3.46) thatż x
´8
puν ´ u˜qpy, T2qdy “
ż ´N1
´8
puν ´ uνl q `
ż ´N1
´8
puνl ´ u˜q
`
ż x
´N1
puν ´ uνrq `
ż x
´N1
puνr ´ u˜q
ď ε´B `B ` 0 “ ε,
which proves Claim 1.
Combing (3.44) with Claim 1, and using the maximum principle [16, Lemma 1],
one can obtain that
U˜px, tq ď ε @x P R, t ě T2,
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which implies that
Uνl px, tq “
ż x
´8
puν ´ uνl qpy, tqdy “ U˜px, tq ` M1
β˜
eβ˜px´stq ď 2ε,
if t ě T2 and x´ st ă ´N1 with N1 ą 0 large enough.
Step 2. In this step, it is aimed to construct a “sub-solution” ψνξ to (1.1) such that
the anti-derivative variable of uν ´ψνξ has the lower bound ´ε (see (3.55)). The idea
is to find a C8 curve ξptq : rT2,`8q Ñ R such that the ansatz ψνξ defined by (2.8)
satisfies that
(3.48) hνξ “ Btψνξ ` Bxfpψνξ q ´ νB2xψνξ ă 0 @x P R, t ą T2,
with the proper initial data (3.53).
For two given constants M2 ą 0 and d ą 0, where M2 will be determined in
this step, and d will be determined in the next step, we define a C8 curves ξptq :
rT2,`8q Ñ R, which solves the following problem:
(3.49)
#
ξ1ptq “ s´M2e´αt, t ą T2,
ξpT2q “ ´d.
Then by (3.49), there exists a constant D ą d, depending on α, T2, d and M2, such
that
(3.50) ξptq P rst´D, st`Ds @ t ě T2.
Now we calculate the source term hνξ . It follows from (2.12) and (2.13) that for t ě T2,
hνξ “ puνl ´ uνrq
ˆ
ξ1ptq ´ s` f 1pφνξ q ´ f 1pψνξ q ` 2ν Bxu
ν
l ´ Bxuνr
uνl ´ uνr
˙
|pgνξ q1|
´ puνl ´ uνrq
`
bpψνξ , uνl qBxuνl ´ bpψνξ , uνrqBxuνr
˘
gνξ p1´ gνξ q,
where bpu, vq is defined in (3.38). Then by Lemma 2.1 and (2.4), one has that for
t ě T2,
hνξ ď puνl ´ uνrq
ˆ
ξ1ptq ´ s` f 1pφνξ q ´ f 1pψνξ q ` 2ν Bxu
ν
l ´ Bxuνr
uνl ´ uνr
˙
|pgνξ q1|
` Cpuνl ´ uνrq p|Bxuνr |` |Bxuνl |q |pgνξ q1|
ď puνl ´ uνrq |pgνξ q1|
”
´M2e´αt ` C|φνξ ´ ψνξ |` Cp|Bxuνr |` |Bxuνl |q
ı
.
Note that
|φνξ ´ ψνξ | ď |ul ´ uνl |gνξ ` |ur ´ uνr |p1´ gνξ q ď Ce´αt @x P R.
Then if M ą 0 is large enough, it holds that
hνξ ď puνl ´ uνrq |pgνξ q1| p´M2 ` Cqe´αt ă 0 @x P R, t ą T2.
Therefore, forM2 ą 0 large enough, (3.48) is fulfilled with the ξ constructed in (3.49).
Step 3. In this step, we will prove that there exists N2 “ N2pεq ą 0 such that
(3.51) Uνl px, tq ą ´ε, t ą T2, x ă st´N2.
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For the constants N1 and B defined in (3.45) and (3.46), one can choose the con-
stant d “ ξpT2q ą 0 (which is in (3.49)) large enough such that
(3.52)ż ´N1
´8
puνl ´ ψν´dqpx, T2qdx`
ż `8
´N1
puνr ´ ψν´dqpx, T2qdx
“
ż ´N1
´8
puνl ´ uνrqpx, T2qp1´ gνpx` dqqdx´
ż `8
´N1
puνl ´ uνrqpx, T2q gνpx` dqdx
ą B.
Then we claim that
Claim 2.
(3.53) UˇνξpT2qpx, T2q “
ż x
´8
puν ´ ψν´dqpy, T2qdy ě ´ε @x P R.
where Uˇνξ is defined in (3.21).
In fact, if x ď ´N1, then it follows from (3.45) thatż x
´8
puν ´ ψν´dqpy, T2qdy ě
ż x
´8
puν ´ uνl qpy, T2qdy ě ´ε.
And if x ą ´N1, then by (3.45), (3.46) and (3.52), one can get thatż x
´8
puν ´ ψν´dq “
ż ´N1
´8
puν ´ uνl q `
ż ´N1
´8
puνl ´ ψν´dq `
ż x
´N1
puν ´ uνrq `
ż x
´N1
puνr ´ ψν´dq
ě ´ε`
ż ´N1
´8
puνl ´ ψν´dq ´B `
ż `8
´N1
puνr ´ ψν´dq
ě ´ε.
Thus Claim 2 is proved.
It can follow from Lemma 3.3 that
BtUˇνξ ´ νB2xUˇνξ “ fpψνξ q ´ fpuνq ´
ż x
´8
hνξ py, tqdy @x P R, t ě T2.
This and (3.48) yield that
(3.54) BtUˇνξ ´ νB2xUˇνξ ` apuν , ψνξ qBxUˇνξ ą 0 @x P R, t ě T2,
where a is defined by (3.37). Then by (3.53), (3.54), and using the maximum principle,
one can obtain
(3.55) Uˇνξ px, tq ě ´ε @x P R, t ě T2.
This, together with (2.13) and (3.50), shows that
Uνl px, tq “
ż x
´8
puν ´ uνl qpy, tqdy
“
ż x
´8
puν ´ ψνξ qpy, tqdy `
ż x
´8
pψνξ ´ uνl qpy, tqdy
“ Uˇνξ px, tq ´
ż x
´8
puνl ´ uνrqpy, tqr1´ gνpy ´ ξptqqsdy
ě ´ε´ 2pul ´ urq
ż x
´8
r1´ gνpy ´ st`Dqsdy
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ě ´2ε,
provided that t ě T2 and x´ st ă ´N2 with N2 ą 0 large enough.
Step 4. In the last step, we complete the proof of (3.39).
By Steps 1 and 3, for any t ą T2 and x1 ă x2 ă st´N2, one has that
(3.56)
ˇˇˇ ż x2
x1
puν ´ uνl qpy, tqdy
ˇˇˇ
ď 2ε.
And by (1.4) and Lemma 2.4, there exists a positive number M3 ą 0 such that
(3.57) Bxpuν ´ uνl q ďM3 @ t ą T2, x P R.
Then (3.39) follows from the following Claim.
Claim 3. For any t ą T2, x ă st´N2 ´ 3
?
ε?
M3
, it holds that
(3.58) |uνpx, tq ´ uνl px, tq| ď 3
a
M3ε.
In fact, if there exist t0 ą T2 and x0 ă st0 ´N2 ´ 3
?
ε?
M3
such that
uνpx0, t0q ´ uνl px0, t0q ă ´3
a
M3ε,
then for any x P px0, x0 ` 3
?
ε?
M3
q, it holds that
puν ´ uνl qpx, t0q ´ puν ´ uνl qpx0, t0q “ Bxpuν ´ uνl qp¨, t0qpx´ x0q.
Due to (3.57), it follows from above that
puν ´ uνl qpx, t0q ă ´3
a
M3ε`M3px´ x0q.
Then integrating this inequality over px0, x0 ` 3
?
ε?
M3
q yields thatż x0` 3?ε?
M3
x0
puν ´ uνl qpx, t0qdx ď ´3
a
M3εˆ 3
?
ε?
M3
` M3
2
ˆ 9ε
M3
“ ´9
2
ε ă ´2ε,
which contradicts (3.56). For the other case that uνpx0, t0q ´ uνl px0, t0q ą 3
?
M3ε, it
is also a contradiction by considering the interval px0´ 3
?
ε?
M3
, x0q instead. So Claim 3
holds true. 
3.2.2. Anti-derivative variables.
In this part, we consider the equation of the anti-derivative of uν ´ ψνXν . It turns
out that the error term in the equation for the anti-derivative variable decays expo-
nentially both in space and in time; see Proposition 3.5. And then the idea of Il’in
and Oleˇınik [16] is applied to proving (2.19), i.e. we construct an auxiliary function
(Θpxq constructed below), and then use the maximal principle.
We first define the anti-derivative variable of ´hνXν in (2.9) as
Hνpx, tq :“ ´
ż x
´8
hνXνptqpy, tq dy, t ě T0, x P R, .(3.59)
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Then due to (2.11), one has that
(3.60)
Hν “´ pfpψνXν q ´ fpuνl qq gνXν ´ pfpψνXν q ´ fpuνrqq p1´ gνXν q
` 2νpuνl ´ uνrqpgνXν q1 ´
ż x
´8
pfpuνl q ´ fpuνrqqpy, tqpgνXν q1pyqdy
` pXνq1
ż x
´8
puνl ´ uνrqpy, tqpgνXν q1pyqdy
´ ν
ż x
´8
puνl ´ uνrqpy, tqpgνXν q2pyqdy.
On the other hand, by Lemma 3.2, one can define the anti-derivative variable of
uν ´ ψνXν as:
(3.61) Uνpx, tq :“ UˇνXν px, tq “
ż x
´8
puν ´ ψνXν qpy, tqdy, t ě 0, x P R.
For convenience, in the following part of this paper we define
(3.62) apx, tq :“ apuν , ψνXν qpx, tq.
Proposition 3.5. The functions Hνpx, tq and apx, tq are smooth in R ˆ rT0,`8q,
and Uνpx, tq solves the equation
(3.63) BtUν ´ νB2xUν ` a BxUν “ Hν , x P R, t ě T0,
where apu, vq is defined by (3.37), and all the derivatives of Uν appearing in (3.63)
are continuous in Rˆ rT0,`8q. Moreover, Hνpx, tq satisfies
(3.64) |Hνpx, tq| ď C1e´αte´β|x´Xνptq| @x P R, t ě T0,
and Uνpx, tq satisfies
(3.65) |Uνpx, tq| ď C2ptqe´β|x´Xνptq| @x P R, t ě T0,
where C1 ą 0 is a constant, independent of time t, and C2ptq ą 0 is bounded on any
compact subset of rT0,`8q.
Proof. The smoothness of Hνpx, tq and apx, tq can be derived easily from Lemma 2.4
and the smoothness of uν , uνl , uνr and ψνXν . By Lemma 3.3, Uν “ UˇνXν solves (3.63)
and all the derivatives of Uν appearing in (3.63) are continuous in Rˆ rT0,`8q.
Now we prove (3.64). Note that there exists a unique x0 P R such that, if x ă x0,
pgνq2pxq ă 0, and if x ą x0, pgνq2pxq ą 0. Then for x ă Xνptq ` x0, it follows from
(3.60) and Lemma 2.4 that
Hνpx, tq “ ´ pfpψνXν q ´ fpuνl qq ´
`
fpulq ´ fpurq `Ope´αtq
˘ p1´ gνXν q
` 2ν `ul ´ ur `Ope´αtq˘ pgνXν q1 ´ ż x
´8
`
fpulq ´ fpurq `Ope´αtq
˘ pgνXν q1pyqdy
` `s`Ope´αtq˘ ż x
´8
`
ul ´ ur `Ope´αtq
˘ pgνXν q1pyqdy
´ ν
ż x
´8
`
ul ´ ur `Ope´αtq
˘ pgνXν q2pyqdy.
If x ă Xνptq`x0,
şx
´8 |pgνXν q2| “ ´
şx
´8pgνXν q2 “ ´pgνXν q1, and 1´gνXν pxq`|pgνXν q1pxq| “
O
`
eβpx´Xνptqq
˘
, then
Hνpx, tq “ ´ pfpψνXν q ´ fpuνl qq ´ pfpulq ´ fpurqq p1´ gνXν q ` 2νpul ´ urqpgνXν q1
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` pfpulq ´ fpurqq p1´ gνXν q ´ spul ´ urqp1´ gνXν q
´ νpul ´ urqpgνXν q1 `O
`
e´αteβpx´X
νptqq˘
“´ pfpψνXν q ´ fpuνl qq ` pfpφνXν q ´ fpulqq
“ ´ apψνXν , uνl qpψνXν ´ uνl q ` apφνXν , ulqpφνXν ´ ulq
“ apψνXν , uνl qpuνl ´ uνrqp1´ gνXν q ´ apφνXν , ulqpul ´ urqp1´ gνXν q
“pul ´ urqp1´ gνXν q papψνXν , uνl q ´ apφνXν , ulqq `O
`
e´αteβpx´X
νptqq˘ .
And it is easy to verify that
apψνXν , ulq ´ apφνXν , uνl q “ Ope´αtq,
which implies that if x ă Xνptq ` x0, Hνpx, tq “ O
`
e´αteβpx´Xνptqq
˘
. On the other
hand, if x ą Xνptq`x0,
ş`8
x
|pgνXν q2| “
ş`8
x
pgνXν q2 “ ´pgνXν q1, and gνXν pxq`|pgνXν q1pxq| “
O
`
e´βpx´Xνptqq
˘
. It follows from (2.15) that for any t ą T0 and x P R,
(3.66)
Hνpx, tq “ ´ pfpψνXν q ´ fpuνl qq gνXν ´ pfpψνXν q ´ fpuνrqq p1´ gνXν q
` 2νpuνl ´ uνrq pgνXν q1 `
ż `8
x
pfpuνl q ´ fpuνrqqpy, tqpgνXν q1pyqdy
´ pXνq1ptq
ż `8
x
puνl ´ uνrqpy, tq pgνXν q1pyqdy
` ν
ż `8
x
puνl ´ uνrqpy, tq pgνXν q2pyqdy.
Then by similar arguments as above, one can prove that if x ă Xνptq ` x0,
Hνpx, tq “ O `e´αte´βpx´Xνptqq˘ . Hence, one can get (3.64).
Now we will prove (3.65). Similar to the proof of (3.5), one can apply (2.15) and
(2.17) to obtain thatż `8
´8
`
uνpx, tq ´ ψνXνptqpx, tq
˘
dx “ 0 @t ě T0.
Hence, for any x P R and t ą 0, one has that
(3.67) Uνpx, tq “
ż x
´8
puν ´ ψνXν qpy, tqdy “ ´
ż `8
x
puν ´ ψνXν qpy, tqdy.
Lemma 3.1 implies that |Xνptq| ď C ` |s|t. Then by Lemma 3.2, one has that
|uνpx, tq ´ ψνXν px, tq| ď Cptqeβ|Xνptq|e´β|x´Xνptq| ď C2ptqe´β|x´Xνptq|,
which, together with (3.67), yields (3.65). 
Denote the positive constant ε1 :“ min
!
f 1pulq´s
2
,´f 1purq´s
2
)
ą 0.
Lemma 3.6. There exist positive constants T3 ą T2 and N0, independent of time,
such that
apx, tq ´ pXνq1ptq ą ε1 ą 0, x´Xνptq ă ´N0, t ą T3,(3.68)
apx, tq ´ pXνq1ptq ă ´ε1 ă 0, x´Xνptq ą N0, t ą T3.(3.69)
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Proof. Here we prove (3.68) only, since (3.69) can be proved similarly.
By (3.37), apx, tq “ ş1
0
f 1 pψνXν ` ρpuν ´ ψνXν qq dρ, where
| ψνXν ` ρpuν ´ ψνXν q ´ ul |
“ | uνl gνXν ` uνrp1´ gνXν q ` ρpuν ´ uνl q ` ρpuνl ´ uνrqp1´ gνXν q ´ ul |
“ | puνl ´ ulq ´ p1´ ρqpuνl ´ uνrqp1´ gνXν q ` ρpuν ´ uνl q |
ď |uνl ´ ul| ` 2pul ´ urqp1´ gνXν q ` |uν ´ uνl |.
Lemma 3.1 shows that |Xνptq´st| ď C. Then by combining Lemmas 2.1 and 2.4 with
Proposition 3.4, one can get that for any ε ą 0, there exist T pεq ą T2 and Npεq ą 0
such that
|ψνXν ` ρpuν ´ ψνXν q ´ ul| ă ε @t ą T pεq, x´Xνptq ă ´Npεq,
and hence,
| f 1pψνXν ` ρpuν ´ ψνXν qq ´ f 1pulq | ď Cε @t ą T pεq, x´Xνptq ă ´Npεq.
Then it follows from Lemma 3.1 that
a´ pXνq1 ą f 1pulq ´ Cε´ s` rs´ pXνq1ptqs
ě f 1pulq ´ Cε´ s´ Ce´αt
ě f
1pulq ´ s
2
@t ą T3, x´Xνptq ă ´N0,
provided that ε is small enough, and N0 ą Npεq and T3 ą T pεq are large enough. 
Define the linear operator L as
(3.70) L :“ Bt ´ νB2x ` apx, tqBx.
Therefore, Proposition 3.5 shows that LU ν “ Hν on tt ě T0u. For the constant N0
given in Lemma 3.6, we can define a convex C2 function θ on R and the auxiliary
function Θ as [16]:
θpxq :“
$’&’%
coshpγxq, |x| ď N0,
θ P C2, 0 ď θ2 ď γ2 coshpγxq, N0 ă |x| ď N0 ` 1,
linear function, |x| ą N0 ` 1,
(3.71)
Θpxq :“ e´δθpxq,
where γ and δ are two positive constants to be determined.
Lemma 3.7. There exist positive constants γ, δ and µ, independent of time t, such
that the auxiliary function Θ defined above satisfies that
L pΘpx´Xνptqqq ě 2µΘ px´Xνptqq @x P R, t ą T3.
Proof. In the following we define ζ :“ x´Xνptq for simplicity.
By (3.70), it holds that
L pΘpζqq “e´δθpζq “δpXνq1ptqθ1pζq ´ δ2νpθ1pζqq2 ` δνθ2pζq ´ δa θ1pζq‰
“δΘpζq
”
νθ2pζq ´ papx, tq ´ pXνq1ptqq θ1pζq ´ δνpθ1pζqq2
ı
There are three cases to be considered.
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(1) If |ζ| ă N0, θpζq “ coshpγζq. Therefore,
νθ2pζq ´ papx, tq ´ pXνq1ptqq θ1pζq ´ δνpθ1pζqq2
“νγ2 coshpγζq ´ pa´ pXνq1ptqq γ sinhpγζq ´ νδγ2 psinhpγζqq2
“γ coshpγζq
”
νγ p1´ δ sinhpγζq tanhpγζqq ´ pa´ pXνq1ptqq tanhpγζq
ı
.
Since a´ pXνq1 is bounded, one can first choose γ ą 0 large enough such that
|a´ pXνq1| ă νγ
4
@x P R, t ą 0.
For |ζ| ă N0, |sinhpγζq| ă eγN0 , then one can choose δ “ δpγ,N0q ą 0 small enough
such that
1´ δeγN0 ě 1
2
.
Hence, by |tanhpγζq| ď 1 and coshpγζq ě 1, it holds that for |ζ| ă N0 and t ą T3,
LpΘpζqq ě δΘpζq ¨ γ coshpγζq ¨ νγ
4
ě δνγ
2
4
Θpζq.
(2) If ζ ą N0, by 0 ď θ2pζq ď γ2 coshpγζq, it holds that 0 ă k1 ď θ1pζq ď k2, where
k1 “ γ sinhpγN0q and k2 “ γ sinhpγpN0 ` 1qq. It follows from the fact θ2 ě 0 and
Lemma 3.6 that
νθ2pζq ´ pa´ pXνq1ptqq θ1pζq ´ δνpθ1pζqq2
ě´ pa´ pXνq1q θ1pζq ´ δνpθ1pζqq2
ěθ1pζq pε1 ´ δνθ1pζqq
One can choose δ “ δpγ,N0, ε1q ą 0 small enough such that for ζ ą N0,
δνθ1pζq ď δνk2 ď ε1
2
.
Hence,
(3.72) LpΘpζqq ě δΘpζq ¨ k1 ¨ ε1
2
ě δε1k1
2
Θpζq.
(3) For the case ζ ă ´N0, (3.72) can be proved similarly.
Collecting (1), (2) and (3), one can prove the lemma by choosing γ sufficiently
large, δ sufficiently small and µ “ min
!
δνγ2
8
, δε1k1
4
)
. 
3.2.3. Proof of Proposition 2.7.
Set
Zpx, tq :“M2e´µtΘpx´Xνptqq ˘ Uνpx, tq, x P R, t ě 0,
where M2 ą 0 is a constant to be determined, and µ is the constant in Lemma 3.7,
which can be actually chosen small enough with 0 ă µ ď mint1, αu. Due to (3.64)
and Lemma 3.7, it holds that
LZ “ ´µM2e´µtΘpx´Xνptqq `M2e´µtLΘpx´Xνptqq ˘Hν
ě p´µ` 2µqM2e´µtΘpx´Xνptqq ´ C0e´αte´β|x´Xνptq|
ě e´µt `µM2e´δθpx´Xνptqq ´ C0e´β|x´Xνptq|˘ .
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By (3.65), one has
Zpx, T3q ěM2e´µT3e´δθpx´XνpT3qq ´ CpT3qe´β|x´XνpT3q|.
We need to consider two cases:
(1) If |x´Xνptq| ď N0 ` 1, then
µM2e
´δθpx´Xνptqq ´ C0e´β|x´Xνptq| ě µM2e´δθpN0`1q ´ C0,
M2e
´µT3e´δθpx´X
νpT3qq ´ CpT3qe´β|x´XνpT3q| ěM2e´µT3e´δθpN0`1q ´ CpT3q
Therefore, choosing M2 ą max
!
C0
µ
eδθpN0`1q, CpT3qeµT3eδθpN0`1q
)
, one gets
that LZ ą 0 and Zpx, T3q ą 0.
(2) If |x´Xνptq| ą N0 ` 1, then θ is linear and
|θ1px´Xνptqq| ă k2 “ γ sinhpγpN0 ` 1qq.
Therefore, by θpxq ď coshpxq for |x| ą N0 ` 1, it holds that
θpx´Xνptqq ă k2|x´Xνptq|` coshpγpN0 ` 1qq.
Then one can get that
µM2e
´δθpx´Xνptqq ´ C0e´β|x´Xνptq|
ě µM2e´δ coshpγpN0`1qqe´δk2|x´Xνptq| ´ C0e´β|x´Xνptq|,
M2e
´µT3e´δθpx´X
νpT3qq ´ CpT3qe´β|x´XνpT3q|
ěM2e´µT3e´δ coshpγpN0`1qqe´δk2|x´XνpT3q| ´ CpT3qe´β|x´XνpT3q|
Then by choosing δ small enough with δk2 ď β, and M2 large enough with
M2 ą max
"
C0
µ
eδ coshpγpN0`1qq, CpT3qeµT3eδ coshpγpN0`1qq
*
,
one can also obtain that LZ ą 0 and Zpx, T3q ą 0.
By combining (1) with (2), one gets that if δ is small and M2 is large, LZ ą 0 and
Zpx, T3q ą 0 for any x P R and t ě T3. Therefore, the maximum principle implies
that Zpx, tq ě 0 for any x P R, t ě T3, which yields that
|Uνpx, tq| ďM2e´µtΘpx´Xνptqq ďM2e´µt @x P R, t ě T3.
Hence, by the definition (3.61) of Uν , one has that for any x1 ă x2 and t ě T3,
(3.73)
ˇˇˇˇż x2
x1
puνpy, tq ´ ψνXν py, tqq dy
ˇˇˇˇ
“ |Uνpx2, tq ´ Uνpx1, tq| ď 2M2e´µt.
By (1.4) and Lemmas 2.1 and 2.4, there exists a constant M3 ą 0, independent of
time t, such that for any x P R and t ě T3,
(3.74) Bxpuν´ψνXν q “ Bxpuν´uνl qgνXν `Bxpuν´uνrqp1´gνXν q´puνl ´uνrqpgνXν q1 ďM3.
It then follows from (3.73) and (3.74) that the following claim holds true.
Claim 5.
|uνpx, tq ´ ψνXν px, tq| ď 3
a
M2M3e
´µ
2
t @x P R, t ě T3.
Indeed, if there exists px0, t0q with x0 P R and t0 ě T3, such that
uνpx0, t0q ´ ψνXν px0, t0q ă ´3
a
M2M3e
´µ
2
t0 .
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Then for any x P px0, x1q, where x1 :“ x0 ` 3
b
M2
M3
e´
µ
2
t0 , (3.74) yields that
puνpx, t0q ´ ψνXν px, t0qq ´ puνpx0, t0q ´ ψνXν px0, t0qq ďM3px´ x0q.
Then ż x1
x0
puνpx, t0q ´ ψνXν px, t0qq dx
ď puνpx0, t0q ´ ψνXν px0, t0qq px1 ´ x0q ` M32 px1 ´ x0q
2
ď´ 3aM2M3e´µ2 t0 ¨ 3cM2
M3
e´
µ
2
t0 ` M3
2
¨ 9M2
M3
e´µt0
“´ 9
2
M2e
´µt0 ă ´2M2e´µt0 ,
which contradicts (3.73). In the other case for uνpx0, t0q´ψνXν px0, t0q ą 3
?
M2M3e
´µ
2
t0
at some point px0, t0q, a contradiction can be obtained similarly by considering the
interval
´
x0 ´ 3
b
M2
M3
e´
µ
2
t0 , x0
¯
instead.
Therefore, the claim above is proved. This, together with the fact that uν and ψνXν
are both bounded, yields (2.19).
3.3. More results for Burgers’ equation.
In this section, we prove the result (1) in Theorem 1.2 and Proposition 2.8 for the
Burgers’ equation (1.1), where fpuq “ u2{2 and the two periodic perturbations are
the same.
First, under the assumptions of Theorem 1.2, one can use the Galilean transfor-
mation to verify that the periodic functions wνl and wνr defined in (3.11) satisfy
(3.75) wνl px, tq “ wνr px´ pul ´ urqt, tq , x P R, t ě 0,
Therefore, it holds that for any t ą 0,
(3.76)
ż t
0
ż p
0
!
rfpuνl q ´ fpulqs ´ rfpuνrq ´ fpurqs
)
dxdτ
“
ż t
0
ż p
0
1
2
!“
2ul ` wνl px, τq
‰
wνl px, τq ´
“
2ur ` wνr px, τq
‰
wνr px, τq
)
dxdτ
“
ż t
0
ż p
0
1
2
”
pwνl q2px, τq ´ pwνr q2px, τq
ı
dxdτ
“
ż t
0
ż p
0
1
2
pwνr q2
`
x´ pul ´ urqt, τ
˘
dxdτ ´
ż t
0
ż p
0
1
2
pwνr q2px, τqdxdτ
“
ż t
0
ż p´pul´urqt
´pul´urqt
1
2
pwνr q2px, τqdxdτ ´
ż t
0
ż p
0
1
2
pwνr q2px, τqdxdτ “ 0,
where the second equality holds since the averages of wνl and wνr are zero. Thus,
letting tÑ `8 in (3.76) shows that Xν8,2 defined in (1.11) is identically zero.
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Now it remains to prove Proposition 2.8. Under the assumptions of Proposition 2.8,
it holds that uνl px, tq ě uνrpx, tq for all x P R and t ą 0, thusż
R
puνl px, tq ´ uνrpx, tqqpgνξ q1pxqdx “
ż p
0
puνl px, tq ´ uνrpx, tqq
ÿ
kPZ
pgνξ q1px` kpqdx
ď ´C
ż p
0
puνl px, tq ´ uνrpx, tqq
ÿ
kPZ
e´βpx`kpqdx
ď ´Ce´βp
ż p
0
puνl px, tq ´ uνrpx, tqqdx
“ ´Ce´βpppul ´ urq ă 0.
Then the number M in (3.2) can be chosen to be zero. Moreover, since M “ 0 and
the initial data given in Proposition 2.8 satisfies
ş
Rpu0pxq´ψν0 pxqqdx “ 0, the unique
number Xˆν0 satisfying (3.5) is zero. Hence, one can get that the curve X˜ν defined in
(3.8) actually solves
(3.77)
#
pX˜νq1ptq “ F νpX˜ν , tq, t ą 0,
X˜νp0q “ 0.
Due to (3.75), if pul ´ urqtk “ kp for any k ě 0, one has wνl px, tkq ” wνr px, tkq. Thus
the term JN defined in (3.12) and the limit J satisfy that
(3.78) JNpy, tkq ” 0 ñ Jpy, tkq “ lim
NÑ`8 J
Npy, tkq ” 0.
Then taking (3.76), M “ Xˆν0 “ 0, and (3.78) into (3.17) implies that X˜νptkq “ stk,
and thus (2.22) holds true.
It remains to prove (2.21). In [14], Hopf introduced the well known Hopf transfor-
mation to obtain an explicit formula for the solution to (1.1) with any initial data
u0 P L8, which is given by:
(3.79) uνpx, tq “
ş
R
x´y
t
exp
!
´ px´yq2
4νt
´ 1
2ν
şy
0
u0pηqdη
)
dyş
R exp
!
´ px´yq2
4νt
´ 1
2ν
şy
0
u0pηqdη
)
dy
, x P R, t ą 0.
Since u0 is bounded, then integration by parts on the numerator of (3.79) yields that
(3.80) uνpx, tq “
ş
R u0pyq exp
!
´ px´yq2
4νt
´ 1
2ν
şy
0
u0pηqdη
)
dyş
R exp
!
´ px´yq2
4νt
´ 1
2ν
şy
0
u0pηqdη
)
dy
, x P R, t ą 0.
Without loss of generality (the viscous shock profile is unique up to a shift), the
viscous shock φν connecting the end states ul at x “ ´8 and ur at x “ `8 to the
Burgers’ equation can be given by the explicit formula
φνpxq “ ul ` ur
2
´ ul ´ ur
2
tanhpul ´ ur
4ν
xq.
Set λ :“ ul´ur
4ν
for convenience. Then the associated gν defined in (2.3) is given by
(3.81) gνpxq “ 1´ tanhpλxq
2
“ e
´λx
eλx ` e´λx ,
satisfying
(3.82) φνpxq “ ulgνpxq ` urp1´ gνpxqq.
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And one also has that
(3.83)
ż x
0
gνpyq dy “ 1
2
ż x
0
r1´ tanhpλyqs dy “ 1
2λ
log
eλx
eλx ` e´λx `
1
2λ
log 2
“ 1
2λ
logp1´ gνpxqq ` 1
2λ
log 2.
Similarly,
(3.84)
ż x
0
r1´ gνpyqs dy “ ´ 1
2λ
log gνpxq ´ 1
2λ
log 2.
If the initial data u0pxq “ φνpxq ` w0pxq with
şp
0
w0pxqdx “ 0, then it follows from
(3.80) and (3.82) that
(3.85) uνpx, tq “ Plpx, tq ` Prpx, tq
Qlpx, tq `Qrpx, tq ,
where the two terms in the numerator are
Plpx, tq :“ 2
ż
R
pul ` w0pyqq gνpyq exp
"
´px´ yq
2
4νt
´ 1
2ν
ż y
0
u0pηqdη
*
dy,
Prpx, tq :“ 2
ż
R
pur ` w0pyqq p1´ gνpyqq exp
"
´px´ yq
2
4νt
´ 1
2ν
ż y
0
u0pηqdη
*
dy,
and the two terms in the denominator are
Qlpx, tq :“ 2
ż
R
gνpyq exp
"
´px´ yq
2
4νt
´ 1
2ν
ż y
0
u0pηqdη
*
dy,
Qrpx, tq :“ 2
ż
R
p1´ gνpyqq exp
"
´px´ yq
2
4νt
´ 1
2ν
ż y
0
u0pηqdη
*
dy.
It can follow from (3.84), λ “ ul´ur
4ν
, and u0 “ ulgν ` urp1 ´ gνq ` w0 “ ul ` w0 ´
pul ´ urqp1´ gνq that
gνpyq exp
"
´ 1
2ν
ż y
0
u0pηqdη
*
“ gνpyq exp
"
2λ
ż y
0
p1´ gνpηqq dη
*
exp
"
´ 1
2ν
ż y
0
pul ` w0pηqq dη
*
“ 1
2
exp
"
´ 1
2ν
ż y
0
pul ` w0pηqq dη
*
.
Due to (3.83), similar calculations yield
p1´ gνpyqq exp
"
´ 1
2ν
ż y
0
u0pηqdη
*
“ 1
2
exp
"
´ 1
2ν
ż y
0
pur ` w0pηqq dη
*
.
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Hence, one has that
Plpx, tq “
ż
R
pul ` w0pyqq exp
"
´px´ yq
2
4νt
´ 1
2ν
ż y
0
pul ` w0pηqq dη
*
dy,
Prpx, tq “
ż
R
pur ` w0pyqq exp
"
´px´ yq
2
4νt
´ 1
2ν
ż y
0
pur ` w0pηqq dη
*
dy,
Qlpx, tq “
ż
R
exp
"
´px´ yq
2
4νt
´ 1
2ν
ż y
0
pul ` w0pηqq dη
*
dy,
Qrpx, tq “
ż
R
exp
"
´px´ yq
2
4νt
´ 1
2ν
ż y
0
pur ` w0pηqq dη
*
dy.
Moreover, by using the Hopf formula (3.80) for uνl px, tq and uνrpx, tq, respectively, one
gets that
(3.86) uνl px, tq “ Plpx, tqQlpx, tq and u
ν
rpx, tq “ Prpx, tqQrpx, tq .
If t “ tk “ kpul´ur “ kp4νλ , it holds that
Qrpx, tkq “
ż
R
exp
"
´px´ yq
2
4νtk
` 1
2ν
ż y
0
4νλdη ´ 1
2ν
ż y
0
pul ` w0pηqq dη
*
dy
“ e2λx`4λ2νtk
ż
R
exp
"
´py ´ x´ 4λνtkq
2
4νtk
´ 1
2ν
ż y
0
pul ` w0pηqq dη
*
dy
“ e2λx`4λ2νtk
ż
R
exp
"
´py ´ xq
2
4νtk
´ 1
2ν
ż y`4λνtk
0
pul ` w0pηqq dη
*
dy
“ e2λx`4λ2νtk´2λultk
ż
R
exp
"
´py ´ xq
2
4νtk
´ 1
2ν
ż y
0
pul ` w0pηqq dη
*
ˆ exp
"
´ 1
2ν
ż y`4λνtk
y
w0pηqdη
*
dy.
Then due to
şp
0
w0pxqdx “ 0 and 4λνtk “ kp, it holds that
Qrpx, tkq “ e2λpx´stkqQlpx, tkq, x P R.
Similarly, one can get that
Prpx, tkq “ e2λpx´stkqPlpx, tkq ´ 4λe2λpx´stkqQlpx, tkq, x P R.
Hence, (3.85) yields that
(3.87)
uνpx, tkq “ Plpx, tkq ` e
2λpx´stkqPlpx, tkq ´ 4λe2λpx´stkqQlpx, tkq
Qlpx, tkq ` e2λpx´stkqQlpx, tkq
“ Plpx, tkq
Qlpx, tkq ´ 4λ p1´ g
νpx´ stkqq ,
where gν is defined in (3.81). Meanwhile, (3.86) yields that
uνl px, tkq “ Plpx, tkqQlpx, tkq and u
ν
rpx, tkq “ Plpx, tkq ´ 4λ Qlpx, tkqQlpx, tkq “
Plpx, tkq
Qlpx, tkq ´ 4λ,
which, together with (3.87), yields (2.21).
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3.4. An example of non-zero shift.
In this section, we prove the result (2) in Theorem 1.2, where the two periodic
perturbations are assumed to be the same. For any given periodic perturbation w0
with zero average and 0 ă }w0}L8pRq ă pul ´ urq{2, it holds that ur ` }w0}L8pRq ă
ul ´ }w0}L8pRq, then one can construct a smooth and strictly convex function f such
that fpuq “ 1
2n
u2 when u ď ur ` }w0}L8pRq and fpuq “ 12u2 when u ě ul ´ }w0}L8pRq,
where n is a positive number to be determined later; see Figure 2.
Figure 2. Construction of f
Since for any x P R and t ą 0, it holds that
uνl px, tq ě inf uνl p¨, 0q ě ul ´ }w0}L8pRq,
uνrpx, tq ď supuνrp¨, 0q ď ur ` }w0}L8pRq.
And note that wνl “ uνl ´ ul and wνr “ uνr ´ ur have zero average, then one has that
(3.88)
ż 8
0
ż p
0
rfpuνl q ´ fpulqs dxdτ “ 12
ż 8
0
ż p
0
“puνl q2 ´ u2l ‰ dxdτ
“ 1
2
ż 8
0
ż p
0
“pul ` wνl q2 ´ u2l ‰ dxdτ
“ 1
2
ż 8
0
ż p
0
pwνl q2 dxdτ.
Similarly,
(3.89)
ż 8
0
ż p
0
rfpuνrq ´ fpurqs dxdτ “ 12n
ż 8
0
ż p
0
“puνrq2 ´ u2r‰ dxdτ
“ 1
2n
ż 8
0
ż p
0
pwνr q2dxdτ.
Since w0 is not identically zero, the solution uνl px, tq with the initial data ul`w0pxq
cannot be a constant in Rˆr0,`8q, thus the integral of (3.88) is positive. And more
importantly, this integral is independent of n, since no matter what n is, the range
of uνl px, tq is always in the interval where fpuq is u2{2, which means that uνl px, tq is
actually a solution to the Burgers’ equation.
On the other side, for the solution uνrpx, tq, (A.2) yields thatż `8
0
ż p
0
pwνr q2dxdτ ď C,
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where C is independent of f, depending only on ν, p and }uνrpx, 0q}L8 . It follows from
this and (3.89) that
(3.90)
ż 8
0
ż p
0
rfpuνrq ´ fpurqs dxdτ ď C2n.
By (3.88) and (3.90), one can choose n sufficiently large such thatż 8
0
ż p
0
rfpuνl q ´ fpulqs dxdτ ą
ż 8
0
ż p
0
rfpuνrq ´ fpurqs dxdτ,
which implies that Xν8,2 ‰ 0. The proof of Theorem 1.2 is finished.
3.5. Vanishing viscosity limit for the shift.
We now study the vanishing viscosity limit for Xν8,2 defined in (1.11).
Lemma 3.8. There exists a constant C ą 0, independent of time t or viscosity ν,
such that for all 0 ď ν ď 1, it holds that
(3.91) sup
xPR
|uνl ´ ul| ` sup
xPR
|uνr ´ ur| ď C1` t , t ą 0.
Proof. The proof can be found in Xin [30], which relies on the Oleˇınik’s entropy
condition (1.4). For i “ l or r, it follows from şpi
0
Bxuνi px, tqdx “ 0 and (1.4) that for
any 0 ă ν ď 1 and t ą 0,ż
xPp0,piq,Bxuνiă0
|Bxuνi px, tq|dx “
ż
xPp0,piq,Bxuνią0
Bxuνi px, tqdx ď piEt ,
which yields that for any 0 ă ν ď 1 and t ą 0,
sup
x
|uνi ´ ul| ď
ż pi
0
|Bxuνi px, tq|dx ď 2piEt .
Since uνl and uνr converges almost everywhere to the periodic entropy solutions u0l
and u0r, respectively, (3.91) also holds true for ν “ 0. 
Proof of Theorem 1.3. It follows from Taylor’s expansion and zero average of uνl ´ ul
that ż pl
0
rfpuνl q ´ fpulqs dx “
ż pl
0
ˆ
f 1pulqpuνl ´ ulq ` 12f
2p¨qpuνl ´ ulq2
˙
dx
“1
2
ż p
0
f2p¨qpuνl ´ ulq2dx.
This, together with Lemma 3.8 and the strict convexity of f, implies that
(3.92) 0 ă
ż pl
0
rfpuνl q ´ fpulqs dx ď Cp1` tq2 ,
where C is independent of ν or t. Similarly, one has that
(3.93) 0 ă
ż pr
0
rfpuνrq ´ fpurqs dx ď Cp1` tq2 .
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Hence, applying the dominated convergence theorem in (1.11) yields that, as ν Ñ 0`,
(3.94)
Xν8,2 Ñ
ż `8
0
1
pl
ż pl
0
rfpu0l q ´ fpulqsdxdt´ 1pl
ż pl
0
ż x
0
w0lpyqdydx
´
ż `8
0
1
pl
ż pr
0
rfpu0rq ´ fpurqs dxdt` 1pr
ż pr
0
ż x
0
w0rpyqdydx.
Now we prove that this limit is equal to
X08,2 “ ´min
xPR
ż x
0
w0lpyqdy `min
xPR
ż x
0
w0rpyqdy.
In fact, for i “ l or r, since the anti-derivative variable şx
0
w0ipyqdy is continuous
and periodic with the period pi, one can choose a constant xi P r0, piq such that
(3.95)
ż xi
0
w0ipyqdy “ min
xPr0,pis
ż x
0
w0ipyqdy,
which is equivalent to ż x
xi
w0ipyqdy ě 0, x P R.
Then one can finish the proof of (1.12) if it holds that
(3.96)
ż `8
0
ż pi
0
`
fpu0i q ´ fpuiq
˘
dxdt “
ż pi
0
ż x
xi
w0ipyqdydx.
To prove (3.96), it follows from [2, Theorem 14.1.1] that the periodic entropy solution
u0i takes the constant value ui along the straight line x “ xi ` f 1puiqt. Then for any
given y P pxi, xi ` piq and t ą 0, denote the domain:
Ωpy,tq :“ tpx, τq : xi ` f 1puiqτ ă x ă y ` f 1puiqτ, 0 ă τ ă tu .
Integrating the equation Btu0i ` Bxfpu0i q “ 0 over Ωpy,tq, one can obtain that
0 “´
ż y
xi
pui ` w0ipxqq dx`
ż t
0
`
fpu0i q ´ f 1puiqu0i
˘ py ` f 1puiqτ, τqdτ
´
ż t
0
pfpuiq ´ f 1puiquiq dτ `
ż y`f 1puiqt
xi`f 1puiqt
u0i px, tqdx
“´
ż y
xi
w0ipxqdx`
ż t
0
`
fpu0i q ´ fpuiq
˘ py ` f 1puiqτ, τqdτ(3.97)
´ f 1puiq
ż t
0
pu0i ´ uiqpy ` f 1puiqτ, τqdτ `
ż y`f 1puiqt
xi`f 1puiqt
`
u0i px, tq ´ ui
˘
dx.
Since for any y P R, t ě 0, şy`pi
y
pu0i ´ uiqpx, tqdx “ 0, thus one can integrate (3.97)
with respect to y over pxi, xi ` piq to get that
0 “´
ż xi`pi
xi
ż y
xi
w0ipxqdxdy `
ż xi`pi
xi
ż t
0
`
fpu0i q ´ fpuiq
˘ py ` f 1puiqτ, τqdτdy
`
ż xi`pi
xi
ż y`f 1puiqt
xi`f 1puiqt
`
u0i px, tq ´ ui
˘
dxdy
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Since
şy
xi
w0ipxqdx is periodic with respect to y, andż xi`pi
xi
ż y`f 1puiqt
xi`f 1puiqt
`
u0i px, tq ´ ui
˘
dxdy “ O
ˆ
1
1` t
˙
,
then it holds thatż t
0
ż pi
0
`
fpu0i px, τqq ´ fpuiq
˘
dxdτ “
ż pi
0
ż y
xi
w0ipxqdxdy `O
ˆ
1
1` t
˙
.(3.98)
Similar to the proof of (3.92), one can show thatż pi
0
`
fpu0i px, τqq ´ fpuiq
˘
dx “ O
ˆ
1
p1` τq2
˙
.
Then (3.96) follows by letting tÑ `8 in (3.98) and using the dominated convergence
theorem.
It remains to prove (1.13) to finish the proof of Theorem 1.3. If both the periodic
perturbations w0l and w0r have bounded total variations on the respective periodic
domains:
TVr0,plsw0l ă `8, TVr0,prsw0r ă `8,
then it can be derived from Kruzhkov’s theory (see [21, 19]) that, for i “ l or r, the
viscous solution uνi to (1.1) tends to the inviscid entropy solution u0i in the L1 norm
at the following rate:
(3.99)
ż pi
0
ˇˇ
uνi px, tq ´ u0i px, tq
ˇˇ
dx ď Cpνtq1{2 TVr0,pisw0i, t ą 0, 0 ď ν ď 1,
where C ą 0 is independent of ν or t.
Then for any given T ą 0, and i “ l or r, one has thatż `8
0
ż pi
0
pfpuνi q ´ fpuiqq dxdτ ´
ż `8
0
ż pi
0
`
fpu0i q ´ fpuiq
˘
dxdτ
“
ż T
0
ż pi
0
`
fpuνi q ´ fpu0i q
˘
dxdτ `
ż `8
T
ż pi
0
pfpuνi q ´ fpuiqq dxdτ
´
ż `8
T
ż pi
0
`
fpu0i q ´ fpuiq
˘
dxdτ.
Then it follows from (3.92), (3.93) and (3.99) that for i “ l or r,ˇˇˇ ż `8
0
ż pi
0
pfpuνi q ´ fpuiqq dxdτ ´
ż `8
0
ż pi
0
`
fpu0i q ´ fpuiq
˘
dxdτ
ˇˇˇ
ď C
!
ν1{2
ż T
0
t1{2dt`
ż `8
T
1
p1` tq2dt
)
ď C `ν1{2T 3{2 ` T´1˘ .
Letting T “ ν´1{5 in the above inequality yields that for i “ l or r,ˇˇˇˇż `8
0
ż pi
0
pfpuνi q ´ fpuiqq dxdτ ´
ż `8
0
ż pi
0
`
fpu0i q ´ fpuiq
˘
dxdτ
ˇˇˇˇ
ď Cν1{5.
It follows from this and the formulas of Xν8,2 and X08,2 that
|Xν8,2 ´X08,2| ď Cν1{5,
where C ą 0 is independent of ν.

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4. Stability of rarefaction waves
The proof of Theorem 1.4 can follow from the idea in [16]. To make this paper
complete, we still give the details here. The proof consists of two steps. The first step
is to prove a time-independent estimate of the solution u, just as Proposition 3.4 for
the shock profile. Step 2 is to construct an auxiliary function and use the maximal
principle to complete the proof.
Proposition 4.1. For any ε ą 0, there exist Nε ą 0 and Tε ą 0 such that
|uνpx, tq ´ ul| ď ε, t ą Tε, x´ f 1pulqt ă ´Nε,(4.1)
|uνpx, tq ´ ur| ď ε, t ą Tε, x´ f 1purqt ą Nε.(4.2)
Proof. We prove only (4.1), since the proof of (4.2) is similar.
For any ε ą 0, there exists T ą 0 such that |uνl ´ ul| ă εν{2, for any x P R, t ě T .
Since f is strictly convex, there exists B ą 0 such that, for any 0 ă σ ă 2}u0}L8pRq,
f 1pul ` σq ´ f 1pulq ą Bσ.
Without loss of generality, one can assume that ε ą 0 is small enough such that
Bε ă 2β, where β ą 0 is the constant in Lemma 2.3.
(1) By Lemma 2.3 and that }uν}L8pdx,dtq ď }u0}L8 , one can choose M ą 0 large
enough such that
Me
Bε
2
px´f 1pulqT q ` εν
2
` ul ą uνpx, T q, x P R.
Define
V px, tq :“MeBε2 px´f 1pulqtq ` εν
2
` ul ´ uνpx, tq.
It can be checked easily that V px, T q ą 0, and
(4.3) νB2xV ´ BtV ´ f 1puνqBxV “MBε2 e
Bε
2
px´f 1pulqtq
ˆ
Bεν
2
` f 1pulq ´ f 1puνq
˙
.
If
min
xPR,těT V px, tq “ V px0, t0q ă 0,
by the definition of V , one has that ul ´ uνpx0, t0q ă ´ εν2 , and then
f 1pulq ´ f 1puνpx0, t0qq ă f 1pulq ´ f 1pul ` εν
2
q ď ´Bεν
2
.
Thus (4.3) yields that at the point px0, t0q,
νB2xV ´ BtV ´ f 1puνqBxV ă 0.
Therefore, it follows from the maximum principle ([16, Lemma 1]) that V px, tq ě 0
for any x P R, t ě T. Choosing N :“ 2
Bε
ln ε
2M
, one has that for any t ą T and
x´ f 1pulqt ă ´N, it holds that
(4.4) uνpx, tq ď ul ` εν
2
`MeBε2 px´f 1pulqtq ă ul ` ε.
(2) On the other hand, for the initial data (1.3) and any ε ą 0, one can let u˜px, tq
be the unique solution to (1.1) with the L8 initial data
u˜px, 0q “
#
u0pxq, x ă 0,
ul ´ ε{2` pu0pxq ´ urq , x ą 0,
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which satisfies #
|u˜px, 0q ´ ul ´ w0lpxq| ď C0eβ0x,
|u˜px, 0q ´ pul ´ ε{2q ´ w0rpxq| ď C0e´β0x, x P R.
Theorem 1.1 implies that as tÑ `8, u˜ tends to a viscous shock profile φ˜ connecting
ul as x Ñ ´8 and ul ´ ε{2 as x Ñ `8. Thus, there exists T ą 0 such that for any
x P R, t ą T,
(4.5) u˜px, tq ě φ˜px´ stq ´ ε{2 ě ul ´ ε.
By u˜px, 0q ď u0pxq and the comparison principle, one has
(4.6) uνpx, tq ě u˜px, tq ě ul ´ ε, x P R, t ě 0.
Then (4.1) follows from (4.4) and (4.6). 
Proof of Theorem 1.4. It is equivalent to prove that for any ε ą 0, there exists
T ą 0 such that
(4.7) sup
xPR
|uνpx, tq ´ uRpx, tq| ă ε, t ą T.
For the constants Nε and Tε in Proposition 4.1, one can define two constants
x0 :“ Nεf
1pulq ` f 1purq
f 1pulq ´ f 1purq and t0 :“
´2Nε
f 1pulq ´ f 1purq ą 0,
and the region
Ωε :“ tpx, tq : f 1pulqt´Nε ă x ă f 1purqt`Nε, t ą Tεu .
Then the shifted rarefaction wave u˜Rpx, tq :“ uRpx´ x0, t` t0q satisfies that
u˜Rpx, tq “
$’&’%
ul for x´ f 1pulqt ď ´Nε,
pf 1q´1px´x0
t`t0 q for x P Ωε,
ur for x´ f 1purqt ě Nε.
Therefore, Proposition 4.1 implies that for any x ă f 1pulqt ´ Nε or x ą f 1purqt `
Nε, t ě Tε, one has that
(4.8) |uνpx, tq ´ u˜Rpx, tq| ă ε.
Define
(4.9) Zpx, tq :“ pt` t0qκ
`
uνpx, tq ´ u˜Rpx, tq˘ ,
where 0 ă κ ă 1 is a constant to be determined. Direct calculations show that
(4.10) νB2xZ´f 1puνqBxZ´BtZ “
ˆ
f2pvqBxu˜R ´ κ
t` t0
˙
Z´νpt` t0qκB2xu˜R in Ωε,
where v is the function satisfying
f 1puνq ´ f 1pu˜Rq “ f2pvqpuν ´ u˜Rq.
For px, tq P Ωε, it holds that f2pvqBxu˜R “ f2pvq 1f2pu˜Rq 1t`t0 ą 2ωt`t0 for some ω ą 0.
Then 0 ă κ ă 1 can be chosen small enough such that
(4.11) f2pvqBxu˜R ´ κ
t` t0 ą
ω
t` t0 ą 0.
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Note that for any x P R,
|Zpx, Tεq| ďM4pTε ` t0qκ,
provided that M4 ą }u0}L8 ` }uR}L8 is large enough. Due to (4.8), one has that for
any t ě Tε,
|Zpx, tq| ď εpt` t0qκ,
if x “ f 1pulqt ´ Nε or f 1purqt ` Nε. Now, assume that the maximum value maxΩε Z
is achieved at px1, t1q P Ωε and satisfies that
(4.12) Zpx1, t1q ě max
!
M4pTε ` t0qκ, εpt1 ` t0qκ, M4
ω
pTε ` t0qκ´1
)
ą 0.
Then by (4.10)–(4.12), one has that at px1, t1q,
νB2xZ ´ f 1puνqBxZ ´ BtZ ě ωt1 ` t0
M4
ω
pTε ` t0qκ´1 ´ νpt1 ` t0qκ M5pt1 ` t0q2 ą 0,
where M5 “ max
ˇˇppf 1q´1q2ˇˇ and M4 ą M5 is large enough. Therefore, the maximal
principle implies that for any px, tq P Ωε,
Zpx, tq ď max
!
M4pTε ` t0qκ, εpt` t0qκ, M4
ω
pTε ` t0qκ´1
)
.
Similarly, one can verify that for any px, tq P Ωε,
Zpx, tq ě min
!
´M4pTε ` t0qκ,´εpt` t0qκ,´M4
ω
pTε ` t0qκ´1
)
.
As a result, by choosing a large T ą Tε, one can get that
(4.13)
|uνpx, tq ´ uRpx´ x0, t` t0q| ď max
!M4pTε ` t0qκ
pt` t0qκ , ε,
M4
pTε ` t0q1´κpt` t0qκ
)
ď ε
for any f 1pulqt ´ Nε ă x ă f 1purqt ` Nε and t ą T. Moreover, since uR is Lips-
chitz continuous and x
t
´ x´x0
t`t0 Ñ 0 as t Ñ 8, (4.7) follows easily from combining
Proposition 4.1 and (4.13), and thus Theorem 1.4 is proved. 
Appendix A. Proof of Lemma 2.1
Proof. For convenience, we let ν “ 1 and omit the symbol ν. By multiplying u ´ u
on each side of (1.1) and integrating on r0, ps, it holds that
(A.1)
d
dt
ż p
0
pu´ uq2px, tqdx` 2
ż p
0
pBxuq2px, tqdx “ 0, t ą 0.
By the Poincaré inequality on r0, ps, there exists a constant α ą 0, which depends
only on p, such that ż p
0
pBxuq2px, tqdx ě α
2
ż p
0
pu´ uq2px, tqdx.
Then by (A.1), one has
(A.2)
ż p
0
pu´ uq2px, tqdx ď C0e´αt @t ě 0,
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where C0 “
şp
0
pu0 ´ uq2dx depends on p and }u0}L8 .
Claim 1. For any integer k ě 1,ż p
0
pBkxuq2px, tqdx ď C @t ě 1,
where C depends on k, p, f and }u0}L8 .
In fact, for each k ě 0, we let tk :“ 12 ´ 1k`3 , and define smooth functions ζkptq :r0,`8q Ñ r0, 1s, which are non-decreasing and satisfy that for all t ě 0,
ζkptq “
#
0, t P r0, tks
1, t P r1,`8q and ζ
1
kptq ` ζkptq ď Bkζk´1ptq,
where Bk ą 0 is a constant depending on k; see Figure 3.
Figure 3.
Then we prove Claim 1 by the induction method. We will prove that for each
k ě 1, there exists a constant C ą 0, depending on k, p, f and }u0}L8 , such that
(A.3)
ż p
0
`Bk´1x pu´ uq˘2 dx` ż t
0
ζk´1pτq
ż p
0
pBkxuq2dxdτ ď C @t ą tk.
In fact, when k “ 1, (A.3) follows from (A.1). Then we assume that (A.3) holds
for k “ 1, 2, ¨ ¨ ¨ ,m with m ě 1, and then we will prove that (A.3) also holds for
k “ m` 1. By taking the derivative Bmx in (1.1) and multiplying ζmBmx u on each side,
one can obtain
BtpζmpBmx uq2q ´ ζ 1mpBmx uq2 ` Bx pζmBmx u Bmx fpuqq ´ ζmBm`1x u Bmx fpuq
“BxpζmBmx u Bm`1x uq ´ ζmpBm`1x uq2.
This, with the Cauchy-Schwartz inequality, yields that for all t ą 0,
(A.4)
d
dt
ż p
0
ζmptqpBmx uq2dx` ζmptq
ż p
0
pBm`1x uq2dx
ď Cpζ 1m ` ζmq
mÿ
k“1
ż p
0
pBkxuq2dx
ď CBmζm´1ptq
mÿ
k“1
ż p
0
pBkxuq2dx.
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Thus one can have that for all t ą 0,
(A.5)
ż p
0
ζmptqpBmx uq2dx`
ż t
0
ζmpτq
ż p
0
pBm`1x uq2dxdτ
ď Cm
mÿ
k“1
ż t
0
ζk´1pτq
ż p
0
pBkxuq2dxdτ,
where Cm ą 0 depends on f, p and }u0}L8 . Then by (A.3) for k “ 1, 2, ¨ ¨ ¨ ,m, for
any t ą tm, the right hand side of (A.5) is bounded by a constant, so (A.3) holds
true for k “ m ` 1. Thus, by the induction method, (A.3) holds true for any k ě 1
and any t ě 1, which completes the proof of Claim 1.
Then it follows from Sobolev inequality, Claim 1, and the equation (1.1) that for
any integers k, l ě 0,
}BltBkxpu´ uq}L8pRq ď Ckl @ t ě 1.
And since for each k ě 0, ζkptq “ 1 and ζ 1kptq “ 0 for all t ě 1, (A.1) and (A.4) yield
that
(A.6)
d
dt
ż p
0
`Bkxpu´ uq˘2 dx` ż p
0
pBk`1x uq2dx ď C
kÿ
l“1
ż p
0
pBlxuq2dx @t ě 1,
where C ą 0 depends on k, p, f and }u0}L8 .
Claim 2. For each k ě 0, there holds that
(A.7)
ż p
0
`Bkxpu´ uq˘2 px, tqdx ď Ce´αt @t ě 1,
where C ą 0 depends on k, p, f and }u0}L8 .
To prove Claim 2, we also use the induction method. For k “ 0, (A.7) follows
from (A.2). Thus, one can assume that for k “ 0, 1, ¨ ¨ ¨ ,m´ 1 with m ě 1, Claim 2
is true. Then for k “ m, by (A.6) with k “ m, one has that for all t ě 1,
(A.8)
d
dt
ż p
0
pBmx uq2dx ď Cm
mÿ
k“1
ż p
0
pBkxuq2dx
ď Ce´αt ` Cm
ż p
0
pBmx uq2dx,
where C,Cm ą 0 depend on m, p, f and }u0}L8 , and Cm can be large enough such
that Cm ą α. Letting k “ m´ 1 in (A.6), one gets that for all t ě 1,
(A.9)
d
dt
ż p
0
`Bm´1x pu´ uq˘2 dx` ż p
0
pBmx uq2dx ď Ce´αt.
Then by multiplying 2Cm on (A.9) and then adding it to (A.8), one can obtain that
for all t ě 1,
(A.10)
d
dt
„
2Cm
ż p
0
`Bm´1x pu´ uq˘2 dx` ż p
0
pBmx uq2dx

` Cm
ż p
0
pBmx uq2dx ď Ce´αt.
Denote
Emptq :“ 2Cm
ż p
0
`Bm´1x pu´ uq˘2 dx` ż p
0
pBmx uq2dx.
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Then (A.7) with k “ m´ 1 and (A.10) yield that for all t ě 1,
(A.11) E 1mptq ` CmEmptq ď C 1me´αt.
Since Cm ą α, one can easily obtain that Emptq ď Ce´αt, where C ą 0 depends on
depends on m, p, f and }u0}L8 . The proof of Claim 2 is finished.
Then by Sobolev inequality and Claim 2, and combined with the equation (1.1),
one can have that for any integers k, l ě 0 and t ě 1,
}BltBkxpu´ uq}L8pRq ď Ce´αt,
which finishes the proof of Lemma 2.1. 
Appendix B. Proof of Lemma 2.2
Proof. For convenience, we assume that ν “ 1 and omit the symbol ν. And let
Ktpxq :“ 1?
2pit
e´
x2
4t denote the heat kernel.
As in [5], the solution Stu0 can be obtained by constructing the following approxi-
mating sequence
up1q “ Kt ˚ u0,
upn`1q “ Kt ˚ u0 ´
ż t
0
BxKτ p¨q ˚ f
`
upnqp¨, t´ τq˘dτ, n “ 1, 2, 3, . . .
where “˚” represents the convolution operation with respect to the space variable.
Suppose that tu˜pnqu8n“1 is the approximating sequence induced by u˜0, constructed
in the same way as upnq. Therefore, one has that
|up1q ´ u˜p1q| “ |Kt ˚ pu0 ´ v0q| ď
ż
R
1?
2pit
e´
y2
4t Ceδpx´yqdy
ď
ż
R
1?
2pit
e´
1
4t
py`2δtq2Ceδx`δ
2tdy “ Ceδx`δ2t,
|up2q ´ u˜p2q| ď |Kt ˚ pu0 ´ u˜0q| `
ˇˇˇ ż t
0
BxKτ p¨q ˚
”
f
`
up1qp¨, t´ τq˘
´ f`u˜p1qp¨, t´ τq˘ıdτ ˇˇˇ
ď Ceδx`δ2t `
ż t
0
ż
R
1?
2piτ
|y|
2τ
e´
y2
4τ C0Ce
δpx´yq`δ2pt´τqdydτ
ď Ceδx`δ2t ` C0Ceδx`δ2t
ż t
0
ż
R
1?
2piτ
|y|
2τ
e´
py`2δτq2
4τ dydτ
ď Ceδx`δ2t ` C0Ceδx`δ2t
ż t
0
ż
R
1?
2piτ
` |y|
2τ
` |δ|˘e´ y24τ dydτ
“ Ceδx`δ2t ` C0Ceδx`δ2t
ż t
0
`c 2
piτ
` |δ|˘dτ
ď Ceδx`δ2t
ˆ
1` 2
?
2?
pi
C0
?
t` C0|δ|t
˙
,
. . . ,
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where C0 :“ maxt|f 1puq| : |u| ď }u0, u˜0}L8pRqu. By induction, one has that for t ą 0
small,
|upnq ´ u˜pnq| ď Ceδx`δ2t
”
1` `2?2?
pi
C0
?
t` C0|δ|t
˘` ¨ ¨ ¨ ` `2?2?
pi
C0
?
t` C0|δ|t
˘n´1ı
ď Ceδx`δ2t 1
1´ `2?2?
pi
C0
?
t` C0|δ|t
˘ .
Therefore, by letting nÑ `8, there exists a small enough t0 “ t0p|δ|, C0q with
eδ
2t0
1
1´ `2?2?
pi
C0
?
t0 ` C0|δ|t0
˘ ă 2,
such that |Stu0 ´ Stu˜0| ď 2Ceδx holds for any x P R, t P p0, t0s. At time t “ kt0,
k “ 1, 2, 3, . . ., one can take Skt0u0, Skt0u˜0 instead of u0, u˜0 as the initial data and
then repeat the same estimates as above in the interval rkt0, pk ` 1qt0s. It concludes
that for any x P R, t ą 0, |Stu0 ´ Stu˜0| ď 2
t
t0
`1
Ceδx. 
Appendix C. Proof of Lemma 2.4
Proof. For convenience, we let ν “ 1 and omit the symbol ν. Integrating the equation
(1.5) shows that the shock profile φ satisfies
φ1 “ fpφq ´ fpulq ´ spφ´ ulq,
which implies that
φ1 “ pφ´ ulq
ˆ
fpφq ´ fpulq
φ´ ul ´ s
˙
“ pφ´ urq
ˆ
fpφq ´ fpurq
φ´ ur ´ s
˙
.
thus one has that the function gνpxq defined in (2.3) satisfies the equation:
(C.1)
g1 “ 1
ul ´ ur
”
f
`pul ´ urqg ` ur˘´ fpurqı´ sg
“ 1
ul ´ ur
”
f
`
ulg ` urp1´ gq
˘´ fpulqg ´ fpurqp1´ gqı.
(i). Since f is smooth, for any x ą y, 0 ď ρ ď 1, z “ ρx` p1´ ρqy, one has
fpzq ´ rρfpxq ` p1´ ρqfpyqs
“ρpz ´ xq
ż 1
0
f 1 pτz ` p1´ τqxq dτ ` p1´ ρqpz ´ yq
ż 1
0
f 1 pτz ` p1´ τqyq dτ
“ρp1´ ρqpx´ yq
ż 1
0
ż 1
0
py ´ xqp1´ τqˆ
f2 pτ˜ rτz ` p1´ τqys ` p1´ τ˜qrτz ` p1´ τqxsq dτ˜dτ.
Therefore,
1
2
min
uPry,xs
f2puq ď ´fpzq ´ rρfpxq ` p1´ ρqfpyqs
ρp1´ ρqpx´ yq2 ď
1
2
max
uPry,xs
f2puq.
Then (2.4) follows by substituting x “ ul, y “ ur, ρ “ g and z “ ulg ` urp1´ gq, and
applying the definition (C.1).
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(ii). Integrating the equation (2.4) yields
β1x ď ln 1´ gpxq
gpxq ´ β3 ď β2x, x ą 0,
β2x ď ln 1´ gpxq
gpxq ´ β3 ď β1x, x ă 0,
where β3 “ ln 1´gp0qgp0q . And then
1
1` eβ2x`β3 ď gpxq ď
1
1` eβ1x`β3 , x ą 0,
eβ2x`β3
1` eβ2x`β3 ď 1´ gpxq ď
eβ1x`β3
1` eβ1x`β3 , x ă 0.
Therefore, (2.5) follows, and C depends on β1, β2 and β3. 
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